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Chapter 1

Introduction

‘Dass der Raum, als Ort für Puncte aufgefasst, nur drei Dimensionen hat,
braucht vom mathematischen Standpuncte aus nicht discutirt zu werden;
ebenso wenig kann man aber vom mathematischen Standpuncte aus
Jemanden hindern, zu behaupten, der Raum habe eigentlich vier, oder
unbegränzt viele Dimensionen, wir seien aber nur im Stande, drei wahrzuneh-
men.’ [1]

Felix Klein (1849–1925)
Symmetry plays important roles in physics. There are numerous kinds of symmetries
in nature. Some are visible and some are hidden. Some are static and some are
dynamic. Some belong to simple individual systems and some may be seen in the
collective behaviour of many systems. Often, various symmetries reveal themselves
at the same time and complicate the appearance of a physical phenomenon.
Mathematically, symmetry is handled by group theory; the symmetry of a physical
system is seen as an invariance under a group action. The visual symmetry of a
crystal may be described by a discrete group. The symmetry of a system in motion is
represented by a continuous group. The mirror-image symmetry of a system can be
described by a discrete group of reflections and uniformity of time flow may be seen
as a consequence of invariance under a continuous group of time translations.

In 1872, Felix Klein [1], in his inaugural lecture at Erlangen, commonly known as
the ‘Erlangen program’, made an observation that the geometry of space is
associated with a mathematical group. According to Klein, the Euclidean space,
for instance, is characterised by its transformation groups which consist of rotations,
translations, and reflections. In 1918, Emmy Noether [2] put forth another
important theorem that if a system is invariant under a continuous group of n
parameters and satisfies the equations of motion, there exist n constants of motion.
As a result of Noether’s theorem, we see that if a system moves freely in
D-dimensional Euclidean space then the D-component linear momentum and
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−D D( )/22 -component angular momentum must be conserved in association with
the translation group of D parameters and the rotation group of −D D( )/22

parameters, respectively. The symmetry considerations are useful not only in the
study of classical systems but also in understanding quantum phenomena. Soon
after the development of quantum mechanics, symmetry methods were found to be
powerful in analysing quantum spectra [3–6].

In modern physics we recognise two kinds of symmetry, external symmetry and
internal symmetry. In classical physics, we are concerned with external symmetries.
In understanding the detailed structure of an atomic spectrum, it became necessary
to introduce the concept of quantised spin. Since it is difficult to ascribe the spin
concept associated with a point particle to the classical spinning of an extended
body, the spin in non-relativistic quantum mechanics was understood as an internal
degree of freedom. As quantum mechanics was applied to nuclear physics and high-
energy physics, numerous additional internal degrees of freedom and their
associated internal symmetries were introduced. There have been attempts to unify
external symmetries and internal symmetries. However, such a grand unification has
not been fully achieved so far.

In Minkowskian space–time, where quantum field theory is formulated, the
maximal symmetry group is the Poincaré (or inhomogeneous Lorentz) group. It
contains the homogeneous Lorentz group as a subgroup which allows for a
classification of fundamental particles by their spin [7]. Since the allowed values
of spin are integers or half-integers, as long as our physical world is Minkowskian,
fundamental particles must be either bosons or fermions. Thus, in the relativistic
formulation, the spin is no longer associated with an internal symmetry but with a
manifestation of the external space–time symmetry. Internal degrees of freedom
such as isospin, baryon number, colour, strangeness, charm, etc, are still associated
with internal symmetries.

In 1967 Coleman and Mandula [8] investigated all possible symmetries of the
scattering matrix in relativistic quantum field theory. They considered a field theory in
more than two space–time dimensions with a finite number of massive one-particle
states and a non-vanishing scattering amplitude. Their result is as follows. If one
restricts the set of continuous symmetries to those generated by a Lie algebra, then the
set of all possible generators consists only of the angular momentum Lorentz tensor

μνM , the linear momentum Lorentz vector Pμ, and Lorentz scalars. While μνM and Pμ

generate the Poincaré group, additional symmetries must be generated by Lorentz
scalars, which are indeed internal symmetries. However, the restriction to Lie
symmetries made in the work of Coleman and Mandula has no a priori grounds.

In 1968, Miyazawa [9] suggested a possible unification scheme for mesons and
baryons based on a superalgebra. While a Lie algebra consists only of commutators,
a superalgebra is closed with respect to commutators and anticommutators. For
details see, for example, the books by Scheunert [10] and Cornwell [11]. Gol’fand
and Likhtman [12] were the first to embed the Poincaré algebra into a superalgebra
and construct a supersymmetric Lagrangian. Independently a supersymmetric field
theory was formulated in 1972/1973 by Volkov and Akulov [13, 14] but was not
renormalisable. In 1974, Wess and Zumino [15, 16] succeeded in formulating
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another simpler and renormalisable supersymmetric field theory. Subsequently,
Haag, Łopuszánski, and Sohnius [17] constructed ‘all possible generators of super-
symmetries of the S-matrix’. They found that within the framework of
superalgebras, besides the generators of the Poincaré group and possible Lorentz
scalars, there are spinor operators Qi allowed. In the Weyl representation where the
supercharges Qi, ∈i {1, 2}, are given by two components of a left-handed Weyl
spinor, the superalgebra reads (without the Poincaré subalgebra and extra Lorentz
scalars)

σ

σ

= =

= =

μν μν μ

μ
μ

†

Q M Q Q P

Q Q Q Q P

,
1
2
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Here ≔ −A B AB BA[ , ] and ≔ +A B AB BA{ , } denote the commutator and
anticommutator, respectively, and the Einstein summation convention is used.
Furthermore,
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From this superalgebra we notice for the energy operator

∑≡ = =
=

†{ }H P Q Q Q
1
4

, , 0. (1.4)
i 1
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From the first commutator of equation (1.1), it is also obvious that the supercharge
operators change the eigenvalues of the third component M12 of the angular
momentum operator by 1

2
. Therefore, each of the supercharge operators converts

a bosonic state to a fermionic state and a fermionic state to a bosonic state, and
becomes a generator of the so-called supersymmetry transformations, see figure 1.1.

Supermultiplet

Boson Fermion

Q†

Q

Figure 1.1. The SUSY transformations in relativistic quantum field theories generated by supercharges †Q Q, .
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In a nucleus, the proton, and the neutron are constantly transmuted into each
other, so that they are not physically distinguishable. It is more appropriate to
consider them as two possible states of a single nucleon, forming an iso-spinor. The
indistinguishability of the proton and the neutron in a nucleus led Heisenberg [18] to
the idea of iso-symmetry. In much the same sense, the idea of supersymmetry
assumes that there may be environments where bosons and fermions become
indistinguishable. They are to be viewed as members of a single supermultiplet. In
order for a physical system to have supersymmetry (SUSY), the ground state
(vacuum) ∣ 〉0 of the system should be invariant under any SUSY transformation.
This means that if SUSY is a good symmetry

∣ 〉 = ∣ 〉 =†Q Q i0 0 and 0 0, for all . (1.5)i i

If SUSY is spontaneously broken, then we have

∣ 〉 ≠ ∣ 〉 ≠†Q Q i0 0 and/or 0 0, for at least one . (1.6)i i

As was mentioned earlier, SUSY was originally introduced to physics in search of
a possible non-trivial unification of space–time and internal symmetries within four-
dimensional relativistic quantum field theory. However, application of the SUSY
idea is not limited to high-energy particle physics. SUSY has been successfully
applied to other areas of theoretical physics such as nuclear, atomic, solid-state, and
statistical physics [19, 20]. Even for mathematical aspects of theoretical physics, it
has been found to be a useful concept. As will be shown in later chapters, SUSY has
become a powerful tool in various areas of physics. The first SUSY application in
statistical physics was done in 1976 by Nicolai [21]. The SUSY in non-relativistic
quantum mechanics became popular with Witten’s toy model [22] introduce in 1981.
The supersymmetric structure of Dirac’s formulation of relativistic quantum
mechanics, see for example the book by Thaller [23], is currently being successfully
used in the understanding of various phenomena in solid-state physics, in particular,
related to topological superconductors [24] and carbon-based nano-structures such
as graphene [25].

Although the SUSY idea is fascinating, we know that a boson and a fermion are
quite clearly separate objects. In our surrounding environments, we can find no
phenomenon in which a boson is converted into a fermion. The situation is different
within so-called topological superconductors, where space–time SUSY indeed has
been found to emerge under certain conditions [24]. Nevertheless, despite tremen-
dous efforts at LHC, so far we have no signals of any elementary SUSY particles
[26]. In other words, as far as we see, SUSY is not a good symmetry. SUSY is in fact
broken in our physical world. Yet, if we have faith in SUSY, then it is reasonable to
assume that SUSY has spontaneously been broken at some point in time and
temperature. In 1981, Witten [22] introduced SUSY quantum mechanics, based on
the simplest superalgebra, in order to provide a simple non-relativistic model for the
spontaneous SUSY breaking mechanism. Witten’s formulation of non-relativistic
SUSY quantum mechanics has attracted considerable attention in the last few
decades and still serves as a useful tool in quantum physics. It has become part of
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standard textbooks on quantum mechanics [23, 27–30] and several monographs
have been dedicated to the topic of SUSY quantum mechanics and its applications
[20, 31–34].

Despite the fact that SUSY quantum mechanics is indeed the (0 + 1)-dimensional
limit of SUSY quantum field theory, it is rather independent of the latter. SUSY in
SUSY quantum mechanics is not the original supersymmetry relating bosons and
fermions. The supercharges of SUSY quantum mechanics do not generate trans-
formations between bosons and fermions. They generate transformations between
two orthogonal eigenstates of a given Hamiltonian for the same degenerate
eigenvalue (see figure 1.2). These two orthogonal states are eigenstates of the so-
called Witten-parity operator (see chapter 2) with eigenvalues +1 and −1. Although
in supersymmetric quantum field theory the degeneracy arises from the fact that the
supercharge operators change the eigenvalues of the spin by 1

2
, the Witten-parity

states in SUSY quantum mechanics may be taken in general as independent from
the real spin states. Some of the examples we shall discuss later on are, indeed,
models of a particle carrying a physical spin- 1

2
degree of freedom. In order to avoid a

possible confusion, we shall refer to those states that are independent of spin as the
Witten-parity states.
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