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A B S T R A C T

In  th is  thesis, w e e xp lo re  the  p o la r iz a tio n  dependen t p rope rtie s  o f the 
t ilte d  fib re  B ragg g ra tin g s  fo r  the  in  s itu  cha rac te riza tio n  o f s ing le 
w a ll ca rbon nanotubes depos ited  on  the  c la d d in g  o f a fib re  u s in g  a 
layer-by-layer d e p o s itio n  techn ique .

F irs t, w e  describe an exact a n a ly tica l and  fu lly -v e c to r ia l so lu tio n  
o f the c la d d in g  m odes o f  a s tanda rd  te lecom  fib re . The c la d d in g  o f 
an o p tica l f ib re  is a m u lt im o d e  w ave g u id e  and  can s u p p o rt m any  
thousands o f m odes. We present an a lg o r ith m  to e ff ic ie n tly  solve the 
com p lex  p ro p a g a tio n  constants o f the  c la d d in g  m odes. O u r  ana lysis 
shows th a t based on  the p o la r iz a tio n  p rope rtie s , the  c la d d in g  m odes 
can be c lassified  in to  tw o  categories: d o m in a n t ra d ia l and  d o m in a n t 
a z im u th a l. The fo rm a lis m  is then  extended to  an  a rb itra ry  fo u r  layer 
fib re  s truc tu re .

N e x t, w e present the  p o la r iz a tio n  depen den t c o u p lin g  p rope rties  
o f the t ilte d  fib re  B ragg g ra tings: i d  p e rio d ic  in d e x  m o d u la tio n  in  the 
core o f an o p tica l fib re  w ith  a t i l t  w ith  respect to  the  fib re  axis th a t 
enhances c o u p lin g  o f l ig h t  fro m  the lin e a r ly  p o la r ize d  core m ode  to 
the co n tra -d ire c tio n a l c la d d in g  m odes. We p rove  th a t b y  c o n tro llin g  
the o r ie n ta tio n  o f the  core m ode  e lec tric  vec to r w ith  respect to  the 
p lane o f the t i l t  o f the  g ra tings , one can coup le  e ith e r o n ly  to  the ra d i
a lly  p o la r ize d  o r to  the a z im u th a lly  p o la r ize d  c la d d in g  m odes. Th is  
is the f irs t  ever com prehensive  theo re tica l d e sc rip tio n  o f  the  p o la r
iza tio n  d epen den t g u id e d  c la d d in g  m ode  c o u p lin g  p ro p e rtie s  o f the 
tilte d  fib re  B ragg g ra tings.

F ina lly , w e re p o rt the f irs t ever e ffo r t to  investiga te  the  p o la r iz a 
t io n  depen den t o p tica l p rope rtie s  o f ra n d o m ly  o rien ted  s in g le -w a ll 
carbon nanotubes on  the nanom etre  scale. The ca rbon  nano tube  film s  
are g ro w n  on the c la d d in g  o f the  fib re  u s in g  a laye r-by-laye r tech
n ique. W eakly  t ilte d  B ragg g ra tings  in  the core o f the fib re  a llo w s  
in  s itu  cha rac te riza tio n  o f the f ilm . We re p o rt th a t such a f i lm  ex
h ib its  s tro n g  p o la r iz a tio n  depen den t loss: ra d ia lly  p o la r ize d  c la d d in g  
m odes experience up  to  five  tim es m ore  loss th a n  a z im u th a lly  p o la r
ized m odes fo r  f ilm s  o f u p  to  tens o f nanom etres th ickness. T h is  is the 
f irs t ever obse rva tion  o f the  p o la r iz a tio n  dependen t loss on a nanom e
tre scale th in  ra n d o m ly  o rien ted  carbon nano tube  f ilm . H ow ever, the  
f i lm  e xh ib its  no  b ire fringen ce  and the o p tica l constants are s tro n g ly  
th ickness dependent.





I  don 't know ha lf o f you h a lf as well as I  should like; 
and I  like less, than h a lf o f you h a lf as well as you deserve.

—  J. R. R. T o lk ien , The F e llo w sh ip  o f the R ing  
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I N T R O D U C T I O N
1

S in g le -w a ll ca rbon nanotubes (S W C N T) are ro lle d  u p  fo rm s  o f graphene, 
a tw o  d im e n s io n a l honey com b s tru c tu re  o f carbon, and  w ere  f irs t 
d iscovered b y  I ij im a  [1, 2]. C a rbon  nanotubes (C N T ) can be m e ta l
lic  o r se m ico n d u c tin g  d e p e n d in g  on  the o r ie n ta tio n  o f the  honey 
com b s tru c tu re  o f the  carbon a tom s w ith  respect to  the  tube  axis, 
i.e. ch ira lity . N ano tubes  have excep tiona l e lec trica l, o p tica l, th e rm a l, 
and m echanica l p ro p e rtie s  [3]. The d ire c t bandgap  sem iconduc tin g  
nanotubes are in  the  ve ry  centre  o f the  nex t gene ra tion  tra n s is to r re
search [4 -6 ]. V ery  recen tly  researchers have re po rted  the m a n u fa c tu r
in g  o f sub - 10 r im  C N T  tra n s is to r w h ic h  e xh ib its  "u np recede n ted  p e r
fo rm a n ce " and  o u tp e rfo rm s  the best s ilico n  based devices in  key m e t
rics, e.g. d ia m e te r-n o rm a lize d  cu rre n t d e n s ity  a t a lo w  o p e ra tin g  v o lt 
age o f 0 .5V , and  sm a ll inverse sub -th resho ld  s lope o f 94m V /d e c a d e  
[7]. C arbon  nanotubes also have excep tiona l o p tica l p rope rties . Re
searchers have s tu d ie d  nano-scale l ig h t  em itte rs , detectors, antenna, 
and  p h o to vo lta ic  devices m ade fro m  the se m ico n d u c tin g  nanotubes[3). 
C arbon  nanotubes have also been fo u n d  to  have excep tiona l n o n lin 
ear o p tica l p ro p e rtie s  d u e  to  the resonant exc iton ic  d yn a m ics  [8, 9]. In  
fact, the  real p a rt o f the  th ird  o rd e r n o n lin e a r su s c e p tib ility  (R e ixd ) 
has been th e o re tica lly  p re d ic te d  to  be as h ig h  as 10 6esu w h ic h  is 
e ig h t o rders  o f m a g n itu d e  h ig h e r than  th a t o f  the  s ilica  glass [10]. 
We are in te rested  in  the fib re  based lin e a r and n o n lin e a r o p tica l de
vices u t i l iz in g  the  excep tiona l e lec trica l and  o p tica l p ro p e rtie s  o f the 
S in g le -w a ll C a rbon  nanotube. H ence w e l im i t  the fo llo w in g  d iscus
sions w ith in  th is  scope.

The X3 is a com p lex  q u a n tity  and is p resen t in  a ll m ateria ls . I t  g ives 
rise to  the  in te n s ity  depen den t re frac tive  in d e x  change - k n o w n  as 
the K e rr effect, sa tu rab le  abso rp tion , th ird  h a rm o n ic  genera tion , fo u r- 
wave m ix in g , o p tica l phase con ju g a tio n , o p tica l b is ta b ility  etc. [11]. 
Researchers have ex tens ive ly  s tu d ie d  C arbon  nano tube  based fib re  
lasers fo r  u ltra sh o rt-p u lse  gene ra tion  th ro u g h  m o d e -lo ck in g  and Q - 
sw itc h in g  [12-20 ]. For these pu lsed  fib re  laser app lica tio ns , researchers 
have used the sa tu rab le  a b so rp tio n  p ro p e rty  o f C N T  f i lm  o r C N T - 
p o ly m e r com pos ite  s truc tu re . Saturab le  a b so rp tio n  is a th ird  o rd e r 
n o n lin e a r process w h ic h  reduces the  a b so rp tio n  o f h ig h  in te n s ity  lig h t. 
N ano tubes e x h ib it tw o  d is t in c t w ave leng th  d epen den t u ltra fa s t sa tu
ra tio n  a b so rp tio n  recovery tim es o f Ip s  [10] and  110fs [21], a sat
u rab le  ab so rp tio n  m o d u la tio n  d e p th  o f -1 2 %  [16] and  a lo w  satu
ra tio n  in te n s ity  o f ~ 12.5M W /c m 2 [10]. E x p lo it in g  these exceptiona l 
p rope rtie s  m ode-locked  laser w ith  pu lses as sh o rt as 113fs  w ith  33.5 n m
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spectra l w id th  has been re p o rte d  [17J. Researchers have also in c o rp o 
ra ted  carbon nanotubes in  f ib re  s truc tu res  fo r  a p p lica tio n s  in  w ave
le n g th  conve rs ion  us ing  lO G b /s  N o n -R e tu rn -to -ze ro  s igna l [20, 22] 
in  fo u r  w ave m ix in g  process, in  d e s ig n in g  nove l K e rr s h u tte r fo r  o p t i
ca l s w itc h in g  [23], and  in  n o n lin e a r p o la r iz a tio n  ro ta to rs  [22].

In  a ll o f  these a p p lica tio n s  researchers have used tw o  nano tube- 
l ig h t  in te ra c tio n  m echanism s: e ith e r b y  p la c in g  a v e ry  th in  nano tube  
o r nano tube -com pos ite  p e rp e n d ic u la r to  the p a th  o f the  o p tica l f ie ld , 
o r th ro u g h  a g u id e d  w ave m echan ism  fo r evanescent in te ra c tio n  us
in g  tapered  o r  D -shaped fib re . H ow eve r o p tica l p o w e r g rea te r than  
few  tens o f  m W  dam ages the  C N T  f ilm . For C N T -p o ly m e r com pos ite  
s truc tu res  th is  dam age th re sh o ld  is even low er, w h ic h  fu n d a m e n ta lly  
l im its  the  lo n g  te rm  s ta b ility  and  the m a x im u m  ob ta inab le  p o w e r 
[24]. A d d it io n a lly , fo r  a p p lica tio n s  such as w ave leng th  convers ion , 
the lo n g  in te ra c tio n  le n g th  betw een l ig h t  and  the  C N T  becomes im 
p o rta n t since the  e ffic iency  in  these processes scales w ith  the  le n g th  
o f in te rac tion . Hence h ig h  lin e a r ab so rp tio n  and the  dam age th resh 
o ld  l im it  the  use o f the  nano tube  p e rp e n d icu la r to  the p a th  o f the 
o p tica l fie ld . By u s in g  tapered  and D -shaped fib re  b o th  p ro b le m  can 
be c ircu m ve n te d  since in  these cases l ig h t  in te racts  w ith  the nano tube  
th ro u g h  the evanescent f ie ld , to  the d e tr im e n t o f  m echanica l ro b u s t
ness, and  a d d it io n a l processing, l ik e  p o lis h in g  fo r  the D -shaped fib re . 
I t  is in  these contexts o u r  g ro u p  has becom e in te rested  in  the  tilte d  
f ib re  B ragg g ra tin g s  (TFBG) m ed ia ted  n o n lin e a r in te ra c tio n  us ing  the 
s tanda rd  te lecom  fib re  w ith  the  ca rbon  nanotubes depos ited  on  the 
c la d d in g  o f  the fib re . T h is  techn ique  gives precise co n tro l in  ta ilo r 
in g  the in te ra c tio n  betw een l ig h t  and the C N T  f i lm  b y  c o n tro llin g  the 
c o u p lin g  m echan ism  us ing  t ilte d  g ra tings , w ith o u t  the need o f any  
m echanica l reshap ing  o f the  fib re .

In  2011, m em bers o f o u r  research g ro u p  have p u b lish e d - as a p ro o f 
o f concept- the  resu lts  o f tw o  s tud ies  in v o lv in g  t ilte d  Bragg g ra t
ings m e d ia te d  n o n lin e a r o p tica l in te rac tions  in  s tanda rd  te lecom  f i 
b re  w ith  S in g le -w a ll ca rbon  nano tube  depos ited  on  the c la d d in g  o f 
the fib re . In  the f irs t paper, V illa n u e va  et al. have used a p ico  sec
ond  p u m p -p ro b e  pu lse  e xp e rim e n t to  show  the u ltra fa s t m o d u la tio n  
o f the  p robe  beam  th ro u g h  the n o n lin e a r m o d ific a tio n  o f the  TFBG 
spectra l response [25]. In  the second paper, Shao e t al. have show n  
the w ave leng th  convers ion  th ro u g h  a fou r-w ave  m ix in g  process in  a 
TFBG inscribed  fib re  [26]. B o th  o f these expe rim en ts  have sh o w n  th a t 
indeed , the TFBG inscribed  fib re  can be an a lte rn a tive  techno lo gy  in  
any  fib re  based nano tube  m ed ia ted  n o n lin e a r o p tica l in te rac tions . To 
fu r th e r  im p ro ve  the resu lts  o f  these expe rim en ts  o r  to  e x p lo it TFBG in  
o th e r nan toube  based n o n lin e a r a p p lica tio n s  w e need to  unde rs tan d  
the fu n d a m e n ta l in te ra c tio n  m echan ism s betw een the TFBG response 
and the C N T  depos ited  on  the c la d d in g  o f the  fib re .



I N T R O D U C T I O N

TFBGs are specia l k in d  o f f ib re  B ragg g ra tings , in  w h ic h  the  g ra t
ings are w e a k ly  t i lte d  w ith  respect to  the  fib re  axis. The F ib re  B ragg 
g ra tin g  (FBG) is a fu n d a m e n ta l techno lo gy  in  the  m o d e rn  o p tica l 
co m m u n ica tio n [2 7 ] and  m a n y  fib re  based sensing p la tfo rm s . T y p i
cally, the  g ra tin g  is w r it te n  b y  s ide -expos ing  the fib re  core to  a U V  
beam  d iffra c te d  o ff  a phase m ask [28]. D ue  to  the pho tosens itive  na 
tu re  o f the  g e rm a n iu m  doped  core [29], the d iffra c te d  U V  beam  p a t
te rn  gets inscribed  in to  the core th ro u g h  the w eak m o d u la tio n  o f the 
core index , leav ing  the c la d d in g  unchanged. A  t i l t  w ith  respect to  
the n o rm a l o f  the  in c o m in g  U V  beam  a llo w s  in s c r ip tio n  o f the  B ragg 
g ra tin g s  w ith  a t i l t  w ith  respect to  the fib re  axis [30].

A  tilte d  fib re  B ragg g ra tin g  (TFBG) in  a s ing le  m ode  fib re  coup les 
fo rw a rd  p ro p a g a tin g  core m ode  l ig h t  to  the  backw a rd  p ro p a g a tin g  
B ragg m ode, the backw a rd  p ro p a g a tin g  c la d d in g  m odes, and  to  the 
ra d ia tio n  m odes [31]. The t i l t  enhances c o u p lin g  to  c la d d in g  m odes. 
Researchers have u til iz e d  these u n iq u e  p rope rties  in  d e s ig n in g  ga in  
fla tteners  [32], ga in  equa lize rs  [33], in - f ib re  p o la rize rs  [34], f ib re  based 
m ode  converte rs  [35], and  in - f ib re  spectrom eters [36]. L a ffo n t and 
F e rd inand  re po rted  the f irs t  evanescent re frac tive  in d e x  sensor us ing  
TFBG in  [37]. Since then  researchers have repo rted  a n u m b e r o f o the r 
sensing m o d a litie s  u s in g  TFBG in  re frac tive  in d e x  sensing [38, 39], 
bend sensor [40], vec to r in c lin o m e te r [41], accelerom eter [42], etc. In  
a ll o f these sensing m o d a litie s  researchers w ere  in te rested  in  the re 
sponse o f the  TFBG u s in g  u n p o la rize d  lig h t. P o la riza tio n  depen den t 
p rope rtie s  o f b o th  TFBG and L o n g  p e rio d  g ra tings  w ere u tiliz e d  in  de 
s ig n in g  bend sensors [40, 41, 43] and  surface p lasm on  based sensors 
[44-46].

E rdogan and  S ipe in  [31] presented the  f irs t de ta iled  theo re tica l 
trea tm en t o f the  g u id e d  core m ode  to  the  ra d ia tio n  m ode  c o u p lin g  
p rope rties . Y. L i presented tw o  d iffe re n t m e thods o f ta c k lin g  the same 
p ro b le m  in  [47] and  in  [48]. In  re f. [49] D o n g  et a l presented a s tu d y  
re g a rd in g  the effect o f the  g ra tin g  t i l t  ang le  on  the c o u p lin g  p ro p e r
ties o f the  g u id e d  core m ode to  the g u id e d  c la d d in g  m odes. They 
used a n u m b e r o f assum ptions in c lu d in g  w e a k ly  g u id e d  a p p ro x im a 
tio n  fo r  b o th  the  core and  the c la d d in g  m odes. The w e a k ly  g u id in g  
a p p ro x im a tio n  fo r the  core m ode  in  a s ing le  m ode  fib re  is a w id e ly  ac
cepted techn ique. H ow eve r the c la d d in g  m odes are g u id e d  s tro n g ly  
by  the index  d iffe rence  o f the c la d d in g  and the s u rro u n d in g  m e d iu m , 
and thus  w e a k ly  g u id in g  a p p ro x im a tio n  does n o t h o ld  fo r  th is  w aveg
u ide. Hence, th e ir  w o rk  was o n ly  able to  e luc ida te  the c o u p lin g  char
acteristics qu a lita tive ly . Lee and E rdogan  in  [50] p resented a m ore  
com prehensive  theo re tica l s tu d y  o f the  c o u p lin g  o f the  core m ode  
to  the  g u id e d  c la d d in g  m odes. The transm iss ion  spec trum  o f B ragg 
g ra tings  w ith  a w eak t i l t  d iffe rs  s lig h t ly  d e p e n d in g  on  the re la tive  o r i
en ta tion  o f the core m ode  p o la r iz a tio n  to  the g ra tin g s  t i lt .  T h is  m in o r  
d iffe rence  tu rn e d  o u t to  be a key  fac to r in  fu l f i l l in g  the co n d itio n s
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o f p lasm on  e xc ita tio n  in  a g o ld  coated fib re  w ith  a TFBG [45]. H o w 
ever Lee and  E rdogan 's  e ffo r t in  [50] does n o t shed m uch  l ig h t  on  
the  n a tu re  o f the  in d iv id u a l resonance s truc tu re . L u  e t al. presented 
a n u m e rica l s tu d y  in  [51] in  an e ffo r t to  u n ify  b o th  the  p o la r iz a tio n  
d ependen t c o u p lin g  characte ris tics  o f the  core m ode  to  the c la d d in g  
m odes and o f  the core m ode  to  the  ra d ia tio n  m odes. For any  sens
in g  app lica tio ns , in c lu d in g  surface p lasm on , i t  is the  g u id e d  c la d d in g  
m odes w h ic h  are o f in terest. [51] n e ith e r e x p lic it ly  lis ted  a n y  p o la r iz a 
tio n  depen den t c o u p lin g  to  m odes n o r  e luc ida te d  the  n a tu re  o f the 
in d iv id u a l resonance s truc tu re . H ence th e ir  w o rk  does n o t p ro v id e  
any  n e w  ins igh ts  in to  the c o u p lin g  p ro p e rtie s  m uch  beyond  th a t o f 
ref. [50]. Hence, in  o u r  v iew , the  e x is tin g  sc ien tific  papers fa ll sho rt 
o f p resen ting  a com p le te  p o la r iz a tio n  depen den t d e s c rip tio n  on the  
na tu re  o f the  c o u p lin g  to  the g u id e d  c la d d in g  m odes.

In  th is  thesis w e  deve lop  a com prehensive  tre a tm e n t o f  the  p o la r
iz a tio n  dependen t TFBG c o u p lin g  characte ris tic  o f  the  g u id e d  core 
m odes to  the  c la d d in g  m odes. We feel th a t the  theo re tica l fra m e w o rk  
presented in  the a fo rem en tio ned  references are exhaustive  enough  in  
tre a tin g  p o la r iz a tio n  depen den t c o u p lin g  to  the  ra d ia tio n  m odes and, 
hence, d o  n o t re q u ire  any  fu r th e r  in ve s tig a tio n . H ow ever, the case o f 
c o u p lin g  to  the c la d d in g  m ode  is  e n tire ly  d iffe re n t. The  c la d d in g  o f a 
s tandard  1550 n m  te lecom  fib re  is  a m u ltim o d e  w avegu id e  and  thus  
can s u p p o rt m any  thousands o f m odes. In  th is  respect none o f the 
p re v io u s  s tud ies  e x p lic it ly  lis ts  the  types and  p o la r iz a tio n  n a tu re  o f 
the  c la d d in g  m odes o r the  c o u p lin g  na tu re  o f tw o  o rth o g o n a lly  p o la r
ized  core m odes w ith  respect to  the  g ra tin g  t i lt .  H ere  w e p resen t such 
a com prehensive  tre a tm e n t o f the  p o la r iz a tio n  depen den t response o f 
the w e a k ly  t ilte d  B ragg g ra tin g s  b y  us ing  exact f ie ld  equa tions  and 
u t i l iz in g  n u m e rica l in te g ra tio n  techniques. We show  th a t a w eak t i l t  
d iffe re n tia te s  be tw een HE and EH m odes and  be tw een TE and  T M  
m odes; th u s  TFBGs a llo w  selective c o u p lin g  to  m odes w ith  ra d ia l o r 
a z im u th a l p o la riza tio n .

We a lso show  th a t the  h y b r id  c la d d in g  m odes have p re fe re n tia l p o 
la r iz a tio n  o r ie n ta tio n  and  b y  c o n tro llin g  the  core m ode  p o la r iz a tio n  
vecto r o r ie n ta tio n  w ith  respect to  the g ra tin g s  p lane , one c o u ld  coup le  
to  m odes o f e ith e r p o la r iz a tio n  type . M oreover, there are spectra l re
g ions fo r  any  s ing le  m ode  fib re , w h e re  the  resonances o f these m odes 
are sp e c tra lly  w e ll separated to  be resolved.

F ina lly , w e  use th is  m o d e l to  s tu d y  the nano tube  g ro w th  and to  in 
vestiga te  the  o p tica l characteris tics o f nano tube  film s . Scientists have 
s tu d ie d  the  p ro p e rty  o f  an iso la ted  s ing le  nano tube  [8, 9, 52, 53], a 
h ig h ly  a lig n e d  nano tube  fo res t [54-58 ], o r  m ic ro m e te r th ic k  ra n d o m ly  
o rie n te d  nanotubes [59]. H ow ever, to  the best o f o u r  kn o w le d g e , there 
is no  lite ra tu re  re la ted  to  the nano tubes ' o p tica l response in  the scale 
in  between. There fo re , o u r  w o rk  is the  f irs t e ffo r t s tu d y in g  the o p tica l
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response o f the ra n d o m ly  o rie n te d  S W C N T  fro m  a few  nanom etres 
to  a coup le  o f h u n d re d s  nanom etres th ickness.

We beg in  o u r  s tu d y  b y  p resen ting  the  m u lt ila y e r  fib re  m ode l, d is 
pe rs ion  re la tions , and  fie ld  pa tte rns  in  C h a p te r 2. We fo llo w  w ith  
p resen ting  the  p o la r iz a tio n  depen den t c o u p lin g  m echanism s in  t ilte d  
Bragg g ra tin g s  in  C hap te r 3. A rm e d  w ith  the  kn o w le d g e  o f the  these 
de ta ils  w e  present the re su lt o f the  laye r-by-laye r g ro w th  o f the  S W C N T  
in  C h a p te r 4. We conc lude  o u r s tu d y  w ith  some a fte r th o u g h ts  and 
com m ents  on  the  fu tu re  d ire c tio n  in  C hap te r 5.



V E C T O R  M O D E S  A N D  E Q U A T I O N S
2

H ow  do you solve a problem like [V  x  x  H  =  (•— )2H]?
How  do you hold a moonbeam in  your hand?

—  O scar H a m m e rs te in  II, The Sound o f  M u s ic

The s tanda rd  s ing le  m ode  te lecom  fib re  is  a th ree layer c y lin d r ic a l 
s tru c tu re  w h ic h  a llo w s  lossless p ro p a g a tio n  o f a s ing le  m ode  in  the 
core. The c la d d in g  m odes exc ited  b y  the TFBG are g u id e d  by  the  in 
dex d iffe rence  be tw een the  c la d d in g  and  the o u te r m e d iu m . D ue  to  
the m in o r  in d e x  d iffe rence  ( - 0.005) be tw een the core and the c la d d in g  
[49], the  core m o d e  d isp e rs io n  re la tio n s  and  the fie ld  expressions can 
be ve ry  w e ll represented b y  the  w eak  gu idan ce  a p p ro x im a tio n  [60]. 
In  contrast, the c la d d in g  is  a m u lt im o d e  w avegu id e  and m odes are in  
general s tro n g ly  g u id e d  b y  the in d e x  d iffe rence  betw een the  c la d d in g  
and  the o u te r layer. Hence, fo r  c la d d in g  m odes, the  w eak gu idance  
a p p ro x im a tio n  w h ic h  resu lts  in  scalar m odes does n o t h o ld . M o re 
over, in  o rd e r to  co m p le te ly  un d e rs ta n d  the p o la r iz a tio n  depen den t 
in te ra c tio n  o f m odes w ith  TFBG one needs to  solve the  exact vecto
r ia l so lu tion . There are a nu m b e r o f s im u la tio n  so ftw a re  capable o f 
n u m e ric a lly  c o m p u tin g  the m o d a l b e h a v io u r o f any  a rb itra ry  s truc 
tu re  us ing  F in ite  D iffe rence  o r F in ite  E lem ent m ethods. H ow ever, the 
m oda l data  ob ta ine d  fro m  these so ftw a re  is n o t re a d ily  su itab le  to  
s tu d y  the  m o d a l in te ra c tio n s  w ith  the TFBG, and  su b s ta n tia lly  m ore  
ca lcu la tions  are needed. H ence w e  deve lop  a com p le te  a n a ly tica l ap
proach  in  t ry in g  to  u nde rs tan d  the m ode  d is tr ib u tio n s  and  the  fie ld  
pa tte rns. T h is  chap te r is devo ted  to  p re se n tin g  the m ode  so lu tio n s  
and the fie ld  p a tte rns  o f  the  fib re  m ode  g u id e d  b y  the c la d d in g .

In  genera l, a ra d ia lly  s tra tif ie d  d ie le c tr ic  w avegu ide  has tw o  types 
o f m ode: Transverse and H y b r id . The transverse m odes have e ithe r 
the ax ia l e lectric  f ie ld  o r the  a x ia l m agne tic  f ie ld  equa l to  zero, w hereas 
fo r  the h y b r id  m odes b o th  the ax ia l e lec tric  and  m agnetic  fie ld  com 
ponen ts  are present [60]. A  n u m b e r o f a u th o rs  over the years tr ie d  
to  deve lop  the exact so lu tio n s  o f the g u id e d  m odes in  a th ree-layer 
d ie le c tr ic  w avegu ide . B e lanov e t al. m ade the f irs t such a tte m p t in  
references [61, 62] u s in g  the w eak gu idance  a p p rox im a tio n .Y eh  and 
L in d g re n  [63] p roposed  an e ffic ie n t m a tr ix  m e th o d  to  f in d  the d is 
pe rs ion  re la tio n  fo r  any  ra d ia lly  s tra tif ie d  d ie le c tr ic  w avegu ide . Tso 
et al. deve loped an exact vec to ria l so lu tio n  o f a th ree layer s tru c tu re  
us ing  the  Debye po te n tia ls  [60, 64]. E rdogan  in  [65] presented the 
fie ld  equa tions  and  the d isp e rs io n  re la tio n  fo r  h y b r id  m odes w ith  az
im u th a l o rd e r o f one. The m o d ifica tio n s  o f the  equa tions as presented

7
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by E rdogan  fo r  a genera lized  h y b r id  m ode are n o t t r iv ia l.  We use Er- 
dogan 's  n o ta tion s  and  Tsao's fo rm a lis m  to  d e rive  a ll equations. O u r 
so lu tio n s  are genera l and  can be a p p lie d  fo r  any in d e x  d is tr ib u t io n  
and  fo r  a n y  g u id e d  m ode  o f any  o rd e r o r type .

We b e g in  th is  chap te r w ith  the p resen ta tion  o f the  core m ode  fie ld  
expressions fo llo w e d  by  those o f the  c la d d in g  m odes. The fu n d a m e n 
ta l p rocedu re  to  de rive  the expressions are the same fo r  b o th  the  core 
and the c la d d in g  m odes. Hence, w e o n ly  show  the  de ta iled  d e riv a 
tio n  fo r  the c la d d in g  m odes. We then  present the  a lg o r ith m  o f so lv 
in g  the  d isp e rs io n  re la tio n  in  section 2.3. We p resent the  p o la r iz a tio n  
n a tu re  and  fie ld  d is tr ib u t io n  o f the c la d d in g  m odes in  the  section 2.4. 
We conc lude  th is  chap te r w ith  the  p resen ta tion  o f the equa tions  fo r  
a fo u r-la ye r s tru c tu re  in  the section 2.5 th a t is used to  ana lyse the 
b e h a v io u r o f a coated fib re .

2 . 1  T H E  C O R E  M O D E  I N  A  T H R E E - L A Y E R E D  S T R U C T U R E

We are in te rested  in  the in te ra c tio n  be tw een the fu n d a m e n ta l core 
m ode  and the c la d d in g  m odes in  a s tandard  te lecom  fib re , e.g. C o rn 
in g  SMF-28. Such a fib re  has a lo w  in d e x  d iffe rence  ( - 0 .005) be tw een 
the core and  the c la d d in g . Hence, the  core m ode  expressions can be 
s im p lif ie d  us ing  a w e a k ly  g u id in g  a p p ro x im a tio n  [66]. F igu re  1 rep re 
sents the genera lized  s tru c tu re  o f a th ree laye r c y lin d r ic a l w avegu ide . 
For such a s truc tu re , w ith  a i ,  02 and  n i ,  n2 as core and  c la d d in g

X

y

Figure 1: The generalized three layer fibre structure



2 . 1  T H E  C O R E  M O D E  I N  A  T H R E E - L A Y E R E D  S T R U C T U R E

ra d ii and re frac tive  indexes respective ly , the  fu n d a m e n ta l H E n  m ode 
e igenva lue  e q u a tio n  is  [64]

Jo ta iU core l K0 [a iw core] f  \
r — 0  (2 .X . l )

/ coreJ& l^-coreJl ta 1 ttco re l 0-1 XVcore2Ko[Gi Wc 

w here , J is the  Bessel fu n c tio n  o f the  f irs t  k in d  and  K is the  m o d ifie d
'j 'y ^Bessel fu n c tio n  o f  the  second k in d , u core =  (27r /A ) (n f  — n.;ff fc o re )2, 

and  w core =  (27t/A )(n .g ffco re  — are the phase param eters  o f the  
fu n d a m e n ta l core m ode  w ith  the e ffective  g u id e  in d e x  o f n ef f Core 
a t a w ave leng th  o f A. T h is  equa tio n  in  genera l con ta ins  m a n y  roo ts  
(T ieffcore)/ a rid  can be so lved once the va lue  o f a ll param eters  are 
k n o w n . H ow ever, in  a s ing le  m ode  fib re  the  core is  d e lib e ra te ly  de 
s igned to  be sm a ll enough  to  a llo w  the lossless p ro p a g a tio n  o f o n ly  
the fu n d a m e n ta l m ode  (H E n ) in  the des igned w ave leng th  o f  opera 
tio n . The fie ld s  fo r  the  w e a k ly  g u id in g  a p p ro x im a tio n , in  the  c y lin 
d r ic a l coo rd ina tes  (r, <j>, z) fo r  the H E i i m ode  can be expressed as 

C ore  reg ion : t  ^  a i

£Core =  E ^ u coreJo[uCo reT]COS[4) +  l|>] (2.1.2a)

Ecoi-e ^  -E ^U co reJo tU co reT ] sin[c|> +  Ip] (2.1.2b)

- 1 1  n i

'Z c

H | ° re -  E^q -U c o re  Jo [u Corer] COs[(j> +  l|l] (2.1.2d)
Zo

C la d d in g  reg ion : a i ^  r  <  02

E C ° r e  =  E ^ B w core( - K o [w COTer)) cos[c)j +  41] (2.1.3a)

E |ore =  - E ’ o B w co re ( - K 0 [w CoreT-j) sin[(|) + ij> ] (2.1.3b)

H £ore =  E ’ o ^ iB w COTe (-“ K0 [w Core r]) s in [4> +  i|ij (2.1.3c)
2-0

H core =  E ^ ^ - B w core ( - K 0[w corer])cos[<l> +  I|j]) (2.1.3d)
2-0

w here  B =  - u ^ OTej !  [a v U c o re l/w ^ rg K T  [Q ,w COreL Z 0 =  377 Q  is the  
im pedance  o f the  free space and the  a z im u th a l ang le  cj> is m easured 
w ith  respect to  the  ve rtica l X-axis. The F ie ld  a m p litu d e  coe ffic ien t is 
set to

H c ° r e  =  E ’ q — U c o r e J o [ l l c o r e r ] sin[(j) +  ijl] ( 2 . 1 . 2 c )

E 1 1L c o
2Z 0b

.U^Ctf Jf [U0C1L
(2 .I.4 )

w here

n e f f c o r e  1 X '>b  =  e t r c o r e  -2 j
u f - u f

in  o rd e r to  set the  to ta l p o w e r ca rried  b y  the  m ode  to  i  W att [67] 
us ing

2 tt 0 0

P =  0.5 Re{ (E r H l  -  E , j,H * ) rd rd 4>} =  1 W  (2.1.6)
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The in te g ra l in  the  ra d ia l d ire c tio n  is the  s u m m a tio n  o f tw o  in te 
g ra ls  in v o lv in g  the  fie ld  expressions in  the  core u s in g  re la tions  in  
eq u a tio n  set 2.1.2 and  in  the c la d d in g  u s in g  those o f e q u a tio n  set
2.1.3 respective ly. Since the fie ld  o f a core g u id e d  m ode  e xp o n e n tia lly  
decays in  the c la d d in g  and  the c la d d in g  d ia m e te r n o rm a lly  is m uch  
la rge r than  the p e n e tra tio n  d e p th  o f any such fie ld , the  u p p e r l im it  
o f the  ra d ia l in te g ra tio n  reduces fro m  00 to  02- The ax ia l f ie ld  com 
ponen ts  o f a w e ll g u id e d  H E i 1 m ode  are n e g lig ib le  in  com pa rison  to  
the transverse com ponen ts. A cco rd in g ly , the  H E i 1 fie ld  has lin e a r ly  
p o la r ize d  X- o r Y- p o la r iz a tio n  state. For ij) =  0 (\J) =  7t/2) the expres
sions in  equations 2.1.2 and  2.1.3 expresses X -p o la rize d  (Y- p o la rize d ) 
fie ld  co rre sp o n d in g  to  even and  o d d  m ode  respective ly. In  genera l 
due  to  the c y lin d r ic a l s ym m e try  any  a rb itra ry  va lue  o f ip corresponds 
to  a v a lid  so lu tio n . We id e n t ify  the  tw o  o rth o g o n a l p o la r iza tio n s  by 
ta k in g  =  0 o r  p s i =  7i/2.

2 . 2  C L A D D I N G  M O D E  I N  A  T H R E E - L A Y E R  S T R U C T U R E

C la d d in g  m odes are no t w e a k ly  g u id in g  and  hence a fu l l  vec to ria l 
d e sc rip tio n  o f these m odes are requ ired . D ue to  the  c y lin d r ic a l sym 
m e try  o f the  s tru c tu re  w e  a d o p t the p o la r coo rd ina te  system  (r, 4>, z) 
w ith  its  z-axis a ligned  to  the  w avegu id e  axis. In  genera l, the  e lectric  
and the m agne tic  fie ld s  in  p o la r coord ina tes fo r  each layer can be 
represented b y  [60]

w h e re  H7 and €> denote  the  scalar Debye p o te n tia ls  and  1 = \ f - \ .  The 
E and H  sa tis fy  the fo llo w in g  w ave eq u a tio n  [60]

The s o lu tio n  to  the  wave equa tio n  above fo r  a c y lin d r ic a l s tru c tu re  is

E =  fld 'F/rScf) -  (p /u»e i)a<D /dT ] -  $ [ 9 ¥ / 9 r

+ O /cue ija ib /rac l)] — z [(k2 n 2 — J3 2 )/io>£i]<I> (2.2.1a)

H  =  f [ 9<D/r9<t) +  ( 3 /c u u )9¥ / 9r] -  4>[9<D/9r

— (|3 /cup.)9 T '/ r 9 c|>] +  z [(k 2 u 2 — |3 2 )/^am 3H, (2.2.1b)

(2.2.2)

[60]
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<*>1 =  A ]  JJUTTlExpM tj)]

<P2 = {A 2J i[u 2r] +  B2Yl [u 2r ] }E x p [ i l4>]

(2.2.3a)

(2.2.3b)

(2.2.3c)

(2.2.3d)

(2.2.3e)

(2.2.30

<J>3 =  BaK ttw arlExptilcJ)] 

¥1 =  C i J t [u i r]Exp[ilcJ)!

^2 =  {C2Ji[u2r] +  D 2Yv[u2r]}Exp[ilcJ)] 
¥3 =  D3 K1 [W3 r] Exp [xl(J)]

W here  the su b sc rip t (1, 2, 3) denotes the layer nu m b e r and  A , B, C, 
D  are a m p litu d e  coeffic ien ts. In  the  above equa tions  J ih q r ]  is associ
a ted w ith  the  convergen t wave and  is  s in g u la r a t the  in f in ity  r  =  oo; 
Y J u ir ]  and K ih v ir ]  are associated w ith  the  d ive rg e n t w ave and are 
s in g u la r a t the  cen tre  r  =  0. I  is  the  a z im u th a l in d e x  and  is  a non  
negative  in te g e r due  to  the  sy m m e try  cons ide ra tion . The  c la d d in g  
su p p o rts  ro ta tio n a lly  sym m e tric  TE and T M  m odes [68]. H ow ever, 
no  4> dep e n d e n t transverse m ode  can ex is t due  to  the n o n  va n ish in g  
Ez and H z com ponen ts . These m odes are k n o w n  as h y b r id  m odes. 
Hence the c la d d in g  m odes consist o f TEom , T M o m , H E Vm, and  E H tm 
m odes. In  o u r  fo rm a lis m  " 1" re fers to  the  a z im u th a l o rd e r and  " m "  
refers to  the ra d ia l o rd e r o f a m ode. The exact express ion  fo r  each 
vec to r com ponen ts  is fo u n d  us ing  the a p p ro p ria te  b o u n d a ry  c o n d i
tions.

2.2.x H yb rid  Mode Field Expressions and Dispersion Relation

H y b r id  m odes have b o th  Ez and H z com ponen ts . The s u b s titu tio n  o f 
expressions fo r  b o th  scalar Debye p o te n tia ls  <D and T  fro m  the  eqn
2.2.3 in to  the eqn  2.2.1 gives 

C ore reg ion : r  ^  a i

(C ] l 2n ? J J u ir ]  +  A i  r u ]  a 2J ([u i r])Exp[xlc[>J (2.2.4a)

(A i cr2J i[u ir ]  +  C iu f r u i  J { [u i r])E xp [ilc |)] (2.2.4b)

ct2 J! Iu  1 r] Exp [xlcja] (2.2.4c)

H r =  ^ ( A i ^ J t l u i r ]  -  C i r u i  f f i  J{ [u i r])E x p [x l4>] 

H <J> =  “ ( C l0'! Ji[u-1r ] -  A i r u i  J {[u !r])E xp [tl< |)] 

H z =  Jl [u ir]E xp [il< [)]

(2.2-4d)

(2.2.4c)

(2 .2-40



1 2  V E C T O R  M O D E S  A N D  E Q U A T I O N S

C la d d in g  reg ion: a i ^  r  ^  a2 

t2r
Et =  lT1X r;^C2 l 2 n 2 lt Iu 2r ] +  D 2 l 2 n | y l [u2 r]

+  r u 2ff2 (A 2 j{ [u 2 r] +  B2Y {[u 2r]))Exp[il4>] 

Eij> = ----- r - ( A 2 cT2j[[u2r] +  B2 a 2Y l [u2r]
TLjT

+  n 2 ru 2 (C 2J ([ii2 T] +  D 2 Y{ [u 2r ] )) Exp [ i l4>] 

Ez =  ^ ^ - ( A 2 j i [ u 2r] +  B2Y i[u 2r])E xp [it( j)]

H r =  ~ ( A 2l 2 Jfu2rJ +  B2 t2Yv[u2r]
It

— ru 2cri (C2 J( [h2t] +  D 2Yl/ [u2r]))Exptilct)] 

H 4> =  J itu 2r] +  D 2(Ti YJU2T]

— r u 2 (A 2 J( [u2r] +  B2Yl'[u 2r]))E xp [ilc j)]

H 2 =  - U2p 1 (C 2J i[u 2r] +  D 2Yl [u 2r ] )E x p [ i l4)]

O u te r reg ion: r  ^  a2

i 2 „ 2 iEr =  - ^ ( D s H u f K d w s r ]
3r

+  B 3 rw j ff2 K [ [w3 r ]) Exp [ilc|>]

E<t» = ---- ^ -(B 3o-2Kl [w3r]
n f r

+  D 3n frw 3K{|w3r])Exp[ilcJ>]

Ez =  ~ ™ ^ ^ K l [w3r])Exp[il4 >]

H r =  p -(B 3l 2K l [w 3T] - D 3r w 3 tT1K {[w 3r])E xp [il( j) ] 
l r

H.J, =  ~ (D 3 cti Kt [w3r] B3 rw 3 [w3r]) Exp [ilcj>]

H z =  ■- ' ^ ■- 1 K l [w 3 r ] p Xp  [-Llcjj]

w he re  the fo llo w in g  re la tio n sh ip s  h o ld

(2.2.5a)

(2.2.5b)

(2.2.5c)

(2.2.5d)

(2.2.5e)

(2.2.5O

(2.2.6a)

(2.2.6b)

(2.2.6c)

(2.2.6d)

(2.2.6e)

(2.2.6f)
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cr, — i l n e f f / Z 0 

cr2 =  i l r i e f f Z o

(2.2.7)

(2.2.8)

(2.2.9)

(2.2.10)

(2.2.11)

(2.2.12)

27m e ff
(2.2.13)

The f ie ld  a m p litu d e  coe ffic ien ts  A i , A 2, B 2 ,B 3 ,C i ,C 2, D 2 and  D3 
w e ig h  the c o n tr ib u tio n  o f each te rm . The exact f ie ld  expressions can 
o n ly  be d e te rm in e d  a fte r re la tio n sh ip s  be tw een these coe ffic ien ts  are 
de rived . The fie ld  expressions in  eq u a tio n  2.2.1 are co rrec t fo r  each in 
d iv id u a l layer. A  cons is ten t s o lu tio n  fo r  the  w h o le  s tru c tu re  requ ires  
these re la tions  to  sa tis fy  the  e lec trom agne tic  b o u n d a ry  co n d itio n s , i.e. 
Hjf,, E<j,, H 2/ and  Ez m u s t be co n tin u o u s  a t each in terface. The b o u n d 
a ry  c o n t in u ity  c o n d itio n s  at each ra d ii r  =  a i and  r  =  <12 re su lt in  
a to ta l o f e ig h t equa tions  co rre sp o n d in g  to  e ig h t ta n g e n tia l co m p o 
nents. For a n o n  t r iv ia l s o lu tio n  to  ex is t fo r  the  w ave eq u a tio n  2.2.2, 
the  d e te rm in a n t o f the  coe ffic ien t m a tr ix  o f the  a m p litu d e  coe ffic ien ts  
m us t be equa l to  zero  [60]. T h is  g ives the  fo llo w in g  expression

Co =  C  (2.2.14a)

+  j k )  +  | r l [a2]) -  KqUc^l

Q2~nf )
(2.2.14b)

)  +  Jn[ci2]

(2.2.14c)

w he re  the  fo llo w in g  re la tio n sh ip s  h o ld  

1 _  J { [a iU ) ] (2.2.15a)

K ([a 2w 3]
(2.2.15b)

W3K i[a 2W3] '
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The de riva tive s  o f the  Bessel fu n c tio n s  are w ith  respect to  the  a r
gum ents. The fo u r Bessel fu n c tio n  cross p ro d u c ts  used here are ex
pressed as

P iM  =  J i[ r u 2]Y l [a 1u 2] -  J i t a iu ^ Y J r u ^  (2.2.15c)

q iM  =  Ji[TU2]Yl' [ a 1U2] -  J ( [a iU 2]Yl [ ru 2] (2 .2 .i5 d )

t*i M  =  J { [ru 2]Y l [a iU 2 ] -  J i [a 1u 2]Y l/ [ ru 2] (2.2.15c)

siM  =  J { [ru 2]Y l/ [a 1u 2J -  J ( [a iu 2]Y l/ [ ru 2] (2.2.15O

We then  d e rive  re la tio n sh ip s  betw een a m p litu d e  coe ffic ien ts  o f f ie ld  
equa tions  by  so lv in g  the system  o f lin e a r equa tio n  in v o lv in g  the elec
tro m a g n e tic  b o u n d a ry  co n d itio n s . F ie lds as expressed b y  equations 
(2.2.4), (2-2-5)/ and (2.2.6) are com p lex . O n ly  the real o r the  im a g in a ry  
pa rts  o f  these com p lex  q u a n titie s  represent the  rea l fie ld . B y u s in g  
E u le r 's  id e n t ity  and d e fin in g  a ll re la tio n s  in  te rm s o f Ej.T,n =  C i the 
fie ld  expressions becom e

C ore  reg ion : r  sg cm

Eci =  E im { ,C o a 2 U i^ [m i] +  H i f m ! l }cos[Ub +  ^  (2 2 l6 a )

i r { _ C o a 2W m i ] ^  J ([ru i)}s in [lc p  +  \J>] (2.2.16b)
E | l  =  E -  -w 115 r

, c i  _  in iu i  J([ru i]
— E c il {   -----------------------p --------} sinflcp +  \p] (2.2.16c)

H | l  =  [ttj-i ] -  j  } cos[14i +  ip] (2 .2 .i6 d )

C la d d in g  reg ion : a  1 <  r  <  a2

E rl =  E ^ T rc iiu f Jl [ a iu 1]{c i _ r i m „ „  , . 2 t  r „  If l (E2u 2 P l[r] - q v[r]
2 ru 2 

CT2 (G 2n f u 2r l [r) -
2 ln f n |  

A
L2 '

}cos[lcp +  Ip] (2.2.17a)

E | l =  E ^ T t a f u f  Jl [a 1u.1]{ ^ (F 2u 2r l (r] -  s t [r])

, G2P l[r] C o q i W u . , , ,  , n  / . x
d 2 ( ------ —j  ) }  s in  [ l( |)  + ip ] (2.2.17b )

2 n 2 r 2 n f r u 2

.cl r im , 2 , f_ .. nria -i(E2U 2r l [ r ] -S it r ]H £ l = E ^ 7 i a 1u f J l [a 1u , ] { -
21

iCon-2 q 1H  iG 2P l(r] .
~2 n | r u -------------- 2 r----- sin[l<p +  ip] (2.2.17c)

id rim_n 1.2 t r n  1f 1fiffi(F2 U2Pl[r ]-q l [r]) 
'4, — t ci t i q i u , J i l a i u H i --------------- 2 r u 2----------------

-  ^ iG 2u 2r l [r] +  } cosfltp +  ip] (2 .2 .i7d )
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O u te r reg ion : a2 <  r

ce l . r l T n ^ l ^ I l ^ n i l r  F3 lK iE rw 3]  r lm  1 I ZĴ 1 f
c l K |[a2W 3] 2 rw ?

G 3 g2 K ([rw 3]
2 ln | w 3

f 2... 2

3

}cos[ltJ> +  i|i] (2.2.18a)

p c i  =  F l m  TTQl U-i U 2 J l  [Q 1 U 1 ] r p 3 K l  [ ^ 3 ]

^  c l K i[d2>v3] 2w 3

+  G-3̂ 2^ 1 } s in  [14? +  Tp] (2.2.18b)
2 n | r w 2

^  c l  r l m ™ l  U f  U 2 J l t c m X T ]  r i F 3 d  K {  [ r w 3 ]
i_lr  — c l  v  r 1 i "K i f e w s ]  2 lw 3

iG 3 lK v[rw 3

2 r w |
}sin[l4> + 1|>] (2.2.18c)

u c l  r lm 7Tal U f U2 J l[a 1U l ]  ri^C T ! K t [rw 3] r i  £  — Lcl — : - - { -
*** cl K i[a2W3] 2rw 3

iG 3K ( [rw 3]
_ }cos[lcj) +  4>] (2.2.i8 d )
2w 3

w here

c T 1121^.0^2 , ,F2 =  J ------------- j — (2.2.19a)
a in f

G2 =  JCo +  U21 g ’ (2.2.19b)
a i

F3 =  —F2p i[a 2 ] +  5 i !— (2. 2. 19c)  
u 2

G3 =  n |  [ _  G2P Ja2j  + toqdazl  ]
t i f u 2

In  these equa tions  E^y1 is the  c la d d in g  m ode  a m p litu d e  coe ffic ien t. 
The va lue  o f th is  coe ffic ien t is chosen in  a m anner as to  a llo w  the to 
ta l p o w e r ca rried  by  the m ode  to  be iW  u s in g  eq u a tio n  (2.1.6) . Once 
the m ode  in d e x  is ca lcu la ted  fro m  the  d isp e rs io n  re la tio n  o f equa
tio n  (2.2.14), EcY1 can be eas ily  ca lcu la ted  u s in g  a s tandard  n u m e r i
cal in te g ra tio n  techn ique . For the c la d d in g  m odes, the  ra d ia l p a r t o f 
the in te g ra tio n  is  the  su m m a tio n  o f th ree in te g ra ls  fo r  core, c la d d in g , 
and o u te r reg ions. A l l  in teg ra ls  in v o lv in g  fie ld  equations are h ig h ly  
o sc illa to ry  in  n a tu re  and  need a ca re fu l se lection  o f r ig h t  n u m e rica l 
techn iques fo r fast co m p u ta tio n . We co m p u te d  a ll n u m e rica l in te g ra 
tions  u s in g  G auss-K ron rod  q u a d ra tu re  ru le  and  a g lo b a l adap tive  a l
g o r ith m  [69].

For ij> =  0 equa tions  (2.2.16), (2.2.17), ar>d (2.2.18) express the o d d  
modes. For ij> =  n /2  these equa tions  represent the  even m odes. Hence, 
a h y b r id  m ode  is degenerate betw een even and  the  o d d  m ode. The 
fie ld  p a tte rn  o f the  even and  the  o d d  m odes are ro ta ted  w ith  respect 
to  each o th e r b y  p i/2 1 , w he re  I  is the  a z im u th a l o rd e r o f  the  m ode.
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2.2.2 TE and T M  Mode Field Expressions

TE m ode  has no  £ com ponen t o f the e lec tric  f ie ld , w hereas T M  m ode  
has no  H z com ponen t. These are represented b y  choos ing  the Debye 
p o te n tia l <3> =  0 fo r  the  TE case and  T  =  0 fo r  the  T M  case in  equa
t io n  (2.2.3). B y u s in g  these tw o  va lues in  equa tions (2.2.4), (2.2.3), and 
(2.2.6) and  u t il is in g  the b o u n d a ry  c o n t in u ity  c o n d itio n s  w e can solve 
the equa tions  fo r  the  TE and  fo r  the  T M  cases respective ly. A f te r  d e 
v e lo p in g  the  re la tions  be tw een the a m p litu d e  coe ffic ien ts  w e set I  =  0 
to  o b ta in  the  f in a l expressions fo r  b o th  TEom and  T M o m cases.

For TEom m odes the ra d ia l and  the ax ia l com ponen ts  o f  the  e lectric  
f ie ld  and a z im u th a l com p o n e n t o f the  m agnetic  fie ld  are zero. For TE 
m odes, the  f ie ld  expressions fo r  the  rest o f the  com ponen ts  are as 
fo llo w s

C ore  reg ion : r  ^  a ]

m e ric a lly  ca lcu la ted  u s in g  e q u a tio n  2.1.6.
For T M 0m m odes, the ra d ia l and  the ax ia l com ponen ts  o f the  m ag 

ne tic  f ie ld  and  the a z im u th a l com ponen t o f the  e lec tric  f ie ld  are zero. 
The fie ld  expressions fo r  the  rest o f the  com ponen ts  are as fo llo w s  

C ore  reg ion : r  <  a i

E *  = - E T E'm u i j£ [ U ir ] (2.2.20a)

(2.2.20b)

C la d d in g  reg ion: a ] ^  r  ^  a 2

r  pTE.rn 1 Ett> =  Ec l - t o i]

11 _  p T E , m n e f f-  t cl 2Zq — Jri.fr] + (2.2,20d)

(2.2.20c)

O u te r reg ion : az <  r

r- c TE,m7TU1u 2 J o (u ia l ] a 1 ,q i[d 2 ]
E4 =  - E r l — -— V -? ---------- — ( ----------

-  JP i[a 2] 3K obv3T

T E , m m r e f f U ^ i i 2 J o t u i  Q ] ] q i  ^ q i [ Q 2 J

c l 2Z 0W 3K o [ w 3a 3 ] u 2

(2.2.20e)

Jp itQ 2 ])K o [w 3r] (2.2.20f)

E j f ' -  is the  n o rm a liz a tio n  fac to r fo r  TEom m odes and can be n u -

^  T M , m  X U !  Z 0 Jq [T O ]  ]
? T (2 .2 .2 ia )

(2 .2 .2 lb )
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C la d d in g  reg ion : a i ^  r  ^  ti2

n _  c T M ,m a 1n e ff’TU?ZoIo[aiU1](Jn fu2T l [T] - n J s jT ] )  
r “  c l 2 n fn 2

(2.2.21c)

c T M ^ t t iT T U iJ o ta iU iK J n fu z n W - n ls J r ] )   JN
H 4> =  t-c l ---------------------------^ 2 ---------------------------  (2 .2 .2 ld )

O u te r reg ion : Q2 <  r

E ^  pTM .m  a l n e f f7ruf Z 0 Jo [a i UT ] (J n f U2r t [a2] -  n\ st [a2] ) [rw 3] 
c l 2K n f u f w 3K £[a2w 3]

(2 .2 .2 ie)

H ^  FT M ,m Q i ^ i  J o [n iU i] ( J n fu 2 n [a 2] ~  n | s l [a2])K ^ [rw 3]
*** c l 2K n fw 3K0 [a2w 3]

(2.2.2lf)

Here, is the  n o rm a liz a tio n  fa c to r fo r  T M o m m ode.

2.3 S O L V I N G  T H E  D I S P E R S I O N  R E L A T I O N

In  genera l, a w e ll g u id e d  m ode  is  lossless i f  there  is no  m a te ria l ab
so rp tio n . Fo r a lossless case the  g u id e  in d e x , n e ff , fo r  a n y  m ode  is 
a real num ber. H ow ever, a w e ll g u id e d  m ode  can becom e lossy due  
to  the presence o f the  m a te ria l a b so rp tio n  o r  near and beyond  c u to ff 
even w ith o u t  the  presence o f a n y  lossy m a te ria l. U n d e r these c irc u m 
stances the g u id e  index , n e ff becom es a com p lex  q u a n tity , w he re  the 
com p lex  p a r t is p ro p o rt io n a l to  the loss coe ffic ien t o f the  m ode. We 
a d o p t a m ode  search ing m echan ism  w h ic h  is capable o f h a n d lin g  
b o th  scenarios.

2.3.1 For Lossless Case

The d isp e rs io n  re la tions  in  eq u a tio n  (2.2.14) is transcendenta l and  
con ta ins m any  so lu tions . T yp ica lly , the  cha llenge  is to  k n o w  w h ic h  
so lu tio n  co rresponds to  w h ic h  k in d  o f m ode  fo r  the g iven  w avegu ide . 
S n itze r in  [68] w as f irs t  to  propose a m ode  c lass ifica tion  scheme fo r  
an a ll d ie le c tr ic  o p tica l w avegu ide . H is  scheme w as based on  the  s ign  
o f the co e ffic ien t ra tio  w h ic h  expresses the re la tive  s treng th  o f Ez 
and  H z com ponen ts  in  a m ode. Safaai-Jazi and  Y ip  [70] revealed th a t 
S n itze r's  schem e is o n ly  consistent fo r  the  core m odes; fo r  c la d d in g  
m odes the s ign  changes a rb it ra r ily  and  hence can n o t be used fo r  the 
c lass ifica tion  o f  the  h y b r id  m odes in  the  c la d d in g  reg ion . A  n u m b e r 
o f o the r au tho rs  in c lu d in g  Safaai-Jazi and  Y ip  to o k  on th is  issue and 
proposed  va rio u s  techn iques fo r  the  c lass ifica tion  o f m odes in  c y lin 
d r ic a l w avegu ides w ith  d iffe re n t in d e x  d is tr ib u tio n s  [71, 72]. K a p o o r 
and S ingh  presented a de ta ile d  co m pa ra tive  s tu d y  o f va rio u s  m ode
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c lass ifica tion  schemes in  [73] and p roposed  a u n ive rsa l techn ique  o f 
m ode  d e s ig n a tio n  w h ic h  is cons is ten t w ith  the  spec ific  so lu tio n s  p ro 
posed by  Safaai-Jazi and  Y ip , M o ris h ita , and  Yeh fo r  d if fe re n t c y lin 
d r ic a l w avegu id e  s truc tu res . W e fo llo w  th is  techn ique  to  seek the 
a p p ro p ria te  m o d a l so lu tions . A cco rd in g  to  re f. {73], the  d isp e rs io n  
re la tio n  in  equa tio n  (2.2.14) is  a q u a d ra tic  equa tions o f b o th  J (equa
t io n  (2.2.15a)) and K (equa tion  (2.2.15b)). The ro o t o f the  q u a d ra tic  
equa tio n  in  te rm s o f K co n ta in in g  the p o s itive  s ign (nega tive  s ign ) de 
scribes the  HE m odes (EH m odes). For I  — 0 the ro o t co n ta in in g  the 
p o s itive  s ign (nega tive  s ign)describes the TE m odes (T M  m odes).

H E  s o lu tio n

E H  s o lu t io n

1.41 1.412

0

1 .4 0 8

«cff

Figure 2: A  graphical m ethod for solving the eigenvalue equation (2.2.14)

The basic idea o f the  m ode  s o lu tio n  techn ique  is to  lo o k  fo r  a 
g u id e d  index , n ef f  w h ic h  is sm a lle r than  the  h ig h e s t in d e x  in  the 
s truc tu re , gene ra lly  the  core  in d e x  ( n i ), and b ig g e r than  the low est in 
dex o f the  s truc tu re , g e n e ra lly  the in d e x  o f the  o u t m os t m e d iu m  (n3). 
There  are m any  w ays the transcendenta l d isp e rs io n  equa tio n  (2.2.14) 
can be so lved. We adop ted  n u m e rica l techn iques u s in g  N e w to n 's  
m e thod . In  N e w to n 's  m e th o d  a "guess" ro o t is used as a seed to  f in d  
the ro o t o f  in terest. The speed o f convergence in  N e w to n 's  m e th o d  de 
pends on  the  q u a lity  o f the  guess roo t. We use the "M e sh F u n c tio n s " 
o f the " P lo t"  com m and  o f M a them atica  to  ex trac t zero  cross ing  o f 
the  d isp e rs io n  equa tio n , and  use these zero  cross ing  p o in ts  as the 
seed so lu tions . Since the va lues re tu rn e d  b y  the  "M e sh F u n c tio n s " are 
v e ry  close to  the actua l so lu tio n , th is  techn ique  guarantees fast con 
vergence to  the h ig h ly  accurate (20 d ig it  p rec is ion ) so lu tio n . F igu re  
2 show s schem atica lly  the  so lu tio n  o f  the  d isp e rs io n  re la tions  fo r  the  
h y b r id  m odes w ith  1 =  1.

F igu re  3 show s a ty p ic a l s o lu tio n  fo r  the  HE m odes o f the f irs t six 
a z im u th a l orders. The  s o lu tio n  was ob ta ine d  u s in g  a i 4.1 p m , a 2 =
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Figure 3: Typical solutions o f the eigenvalue equation (2.2.14)
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Figure 4: The even and the odd  az im utha l o rder solutions are nearly  degen
erate



2 0  V E C T O R  M O D E S  A N D  E Q U A T I O N S

62.5 |xm, n i  =  1.450699, ri2  =  1.444024, 1x3 =  1.0 a t A =  1566n m . I t  is 
e v id e n t fro m  the p lo t  th a t the  lo w e r o rd e r ra d ia l m odes, i.e. m odes 
w ith  h ig h e r e ffective  indexes, have less spacing th a n  the h ig h e r o rd e r 
ra d ia l m odes. F igu re  4 show s a p a rt o f the  same so lu tio n . T h is  p lo t 
show s th a t the  m odes o f even a z im u th a l o rd e r { in c lu d in g  0 o rd e r 
m odes) are n e a rly  degenerate, so is tru e  fo r m odes o f o d d  a z im u th a l 
orders.

1.3937!

is
<U

C 1.3933 

1.3929-
a

1. 1.1 1.2 1.3 1.39
«3

Figure 5: The variation  in  the effective index as a function o f n3

We also check the consistency o f the  s o lu tio n  by v a ry in g  the index  
o f the  o u t-m o s t m e d iu m , n3 , fro m  th a t o f a ir  to  in d e x  close to  the 
c u to ff o f tw o  a rb itra ry  HE m odes (1 = 1  and  7) w ith  n e a rly  equa l e f
fective  in d e x  in  the air. The re su lt is p lo tte d  in  F igu re  5. The e ffective  
g u id e  ind ices  o f b o th  m odes change w ith  n3. The s e n s it iv ity  o f the 
m odes, i.e. the  rate o f  change o f  the  g u id e  in d e x  as a fu n c tio n  o f  H3 ,is 
n o t constan t fo r  the e n tire  range and in  th is  case m odes becom e m a x
im a lly  sensitive  close to  the  cu to ff, i.e w hen  n-j approaches the g u id e  
in d e x  o f these m odes. M oreover, the  se n s itiv itie s  o f  these m odes are 
n e a rly  equa l desp ite  b e in g  o f tw o  d iffe re n t a z im u th a l order.

2.3.2 For Lossy Cases

The app roach  to  f in d  the  com p lex  in d e x  is s im ila r  to  th a t o f the  loss
less case. The m ode  in d e x  fo r a lossy case, d u e  to  the  m a te ria l abso rp 
tio n  o r  beyond cu to ff, is com p lex. The m a te ria l a b so rp tio n  fo r  the  core 
and  the c la d d in g  in  the te lecom  band are n e g lig ib le  and  are igno red . 
Hence o n ly  an a b so rp tive  o u te r m e d iu m  can in tro d u c e  loss fac to r to  
a w e ll g u id e d  c la d d in g  m ode. Since the evanescent p a rt o f a m ode 
overlaps in  the o u te r lossy m e d iu m , the e ffective  im a g in a ry  p a r t o f 
the  m ode  g u id e  index  sh o u ld  re m a in  a t least a coup le  o f o rders  o f 
m a g n itu d e  sm a lle r than  the im a g in a ry  p a r t o f U3- S im ila r ly , the  per-

• HE130 

.  HE7 27
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Figure 6: The im ag inary  part o f the guide index fo r az im utha l order 1 =  0, 1; 
Tt.3 =  1.3 4- x 0.5

tu rb a tio n  to  the  real p a r t o f the  g u id e  in d e x  due  to  the  presence o f ab
s o rp tio n  is n e g lig ib le  in  m os t cases. H ow ever, w h ile  the p e rtu rb a tio n  
on  the im a g in a ry  p a rt o f a m ode  in d e x  is sm a ll, i t  s t i l l  have la rge e f
fect on  the resonance a m p litu d e  o f the  TFBG transm iss ion  spectrum . 
W hen  there  is a s trong  a b so rp tio n  due  to  ce rta in  resonance c o n d i
tions , e.g. in  case o f  the  surface p lasm on  based sensors w ith  over 40% 
o f the m o d a l l ig h t  p ro p a g a tin g  in  the o u te r layer, the  s tro n g  in te rac
t io n  betw een the m o d a l fie ld  and  the  lossy m e d iu m  m o d ifie s  even 
the real p a rt o f the  index  s ig n if ic a n tly  as expected acco rd in g  to  the 
K ra m e rs -K ro n ig  re la tio n  [74].

L ike  the lossless case, w e  e m p lo y  N e w to n 's  m e thod  to  f in d  the 
transcendenta l roo ts  fo r  the  lossy case. H ow eve r there  is a key d i f 
ference: the  g ra p h ica l m e thod  is n o t re a d ily  su itab le  to  f in d  the f irs t  
a p p ro x im a tio n  o f the  com p lex  ro o t o f in terest. C o m p le x  n3 m akes

* T M 0m
• E H im

1.35 1.4 1.45

R e [« e ff]

* TE0m
* H E lm
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Figure 7: Im  n ef f  fo r EH modes w ith  n.3 =  1.3 + 1  o.x

the  phase pa ram ete r w 2 com p lex  and  resu lts  in  a com p lex  va lue  fo r  
the  d isp e rs io n  re la tion . H ow eve r in  the  case o f a w eak in te rac tion , 
the f irs t guess o f the  rea l p a r t o f the  g u id e  in d e x  can be fo u n d  us ing  
the g ra p h ic  m e th o d  described  in  the p re v io u s  section  w h ic h  s t il l re 
m a ins  ve ry  close to  the rea l p a rt o f the  fin a l so lu tio n . O nce the f irs t 
guess o f the  rea l p a r t is  fo u n d  ta k in g  the rea l p a r t o f the  d ispe rs ion  
equa tion , the  N e w to n 's  m e thod  is then  used to  f in d  s im u lta n e o u s  so
lu tio n s  in v o lv in g  the rea l and  the im a g in a ry  p a rt o f  the  d ispe rs ion  
re la tion . In  case o f  s trong  in te ra c tio n , o r i f  h ig h e r p rec is ion  is needed, 
w e  take an ite ra tive  approach : w e  use the com p lex  in d e x  fo u n d  b y  us
in g  steps above as the guess ro o t fo r  successive ite ra tio n s  and aga in  
s im u ltaneou s  so lu tio n s  fo r  the  real and  im a g in a ry  p a rt o f the  d isp e r
s ion  re la tio n  are sought.

F igures 7 and 6 show  tw o  exam p le  cases w ith  lossy th ird  layer. In  
b o th  cases the  im a g in a ry  p a r t o f the  n 3 is ve ry  la rge and  corresponds 
to  large loss coe ffic ien ts  o f a  =  4 7 m img /A  =  40122.5c m  1 (U3 =  
1 +  0 .5t)  and 8024.5c m ”  1 (U3 == 1 +  0.11). The reason fo r  choos ing  such 
a la rge im a g in a ry  in d e x  is  to  show  the  consistency and  the accuracy 
o f the  m ode l. We m ake tw o  in te re s tin g  observa tions here: f irs t, fo r  the 
same im a g in a ry  va lue  o f n3 , the  EH m odes (and T M  m odes) are m ore  
lossy than  the HE m odes (and  TE m odes). T h is  is  consistent w ith  the 
obse rva tion  m ade in  reference [75] fo r  the p la n a r w avegu ide . Second, 
the h ig h e r o rd e r ra d ia l m odes c a rry  m ore  p o w e r in  the  evanescent 
ta il than  the lo w  o rd e r m odes and hence acqu ire  h ig h e r loss facto rs  as 
expected [39]; however, the  a z im u th a l o rd e r o f  m odes has n e g lig ib le  
e ffect on the im a g in a ry  p a rt o f the index. Hence, n ea rly  degenerate 
o d d  a z im u th a l o rd e r m odes and n e a rly  degenerate even a z im u th a l 
o rd e r m odes can be th o u g h t o f as h a v in g  the same im a g in a ry  g u id e  
index.
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Figure 8: Plots o f the local Poynting vector m agnitudes as a function of ra
dius of (a) H E ]m=I] to 4/ (b) E H lm = 1 tt>4, (c) TE0s, TE 09, T M 0 3 , 
T M 0 4  modes.
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2 - 4  M O D E  F I E L D  A N D  T H E  P O L A R I Z A T I O N  P R O P E R T I E S

In  F igu re  8 w e p resent the loca l P o yn tin g  vec to r m a g n itu d e  o f a fe w  
lo w  o rd e r ( I  =  1 and  0) m odes. The va lues w ere  ca lcu la ted  u s in g  
the fo llo w in g  param eters: a i =  4.1 g m , Q2 =  62.5pm , n.i =  1.45005, 
n z  1.44359 n3 =  1 a t A =  1586u m . In  th is  case, HE m odes have a 
peak loca lized  in  the core w hereas EH m odes have ve ry  l i t t le  l ig h t  in  
the  core. Transverse m odes also have s ig n ific a n t l ig h t  in  the  core. In  
genera l, the c o u p lin g  characte ris tics  o f  any  g u id e d  m ode  to  ano the r 
g u id e d  m ode  depends on  the  m o d a l overlaps o f the  m odes o f in terest. 
I t  w i l l  be show n  in  the  nex t chap te r th a t m o d a l overlaps, and  b y  ex ten 
sion, the  c o u p lin g  coe ffic ien t, depends on  the a m p litu d e  o f  the  fie ld . 
In  genera l, c o u p lin g  coeffic ien ts , fro m  core to  the  c la d d in g  m odes in  
th is  case, are d ire c t ly  p ro p o rt io n a l to  the fie ld  a m p litu d e s  in  the  core. 
F igu re  9 dep ic ts  the fra c tio n  o f p o w e r ca rried  b y  each m ode  fo r  the  
f irs t  ten  a z im u th a l o rde rs  in  the core. TEom and  T M o m m odes have 
com parab le  p o w e r in  the  core. The s itu a tio n s  are e n tire ly  d iffe re n t 
fo r  h y b r id  m odes. The fra c tio n  o f p o w e r in  the core fo r  HE and EH 
m odes are com parab le  o n ly  fo r  h ig h  ra d ia l o rde rs ; fo r  m odes w ith  
lo w  ra d ia l o rders , the  fra c tio n  o f p o w e r in  the core  changes a rb itra r
ily . These characteris tics in fe r  the  necessity to  trea t such a s tru c tu re  
as an exact th ree layer s truc tu re . C lea rly , a p e r tu rb a tio n  app roach  fo r  
m ode  s o lu tio n  [76] (w he re  the th ree  layer s tru c tu re  is reduced  to  a 
m u lt im o d e  tw o  layer one) o r w e a k ly  g u id in g  a p p ro x im a tio n  w o u ld  
fa il to  e luc ida te  the  effect o f  the  core on  the c la d d in g  m odes fie ld  
d is tr ib u t io n  and  c o u p lin g  coe ffic ien t.

A t  th is  p o in t w e  w a n t to  d iscuss the p o la r iz a tio n  p ro p e rtie s  o f the 
c la d d in g  m odes. A s  m en tio n e d  in  the  p re v io u s  section, a z im u th a lly  
n o n -va ria n t, i.e. no  4> dependence, the  TEom m odes have no  ra d ia l 
e lec tric  f ie ld  com ponen t, hence the m odes are a lw ays a z im u th a lly  p o 
la r ize d  and  as a re su lt the  e lec tric  f ie ld  vec to r in  the  c la d d in g  o u te r 
laye r is a lw ays tangen t to  the  surface. The T M o m m odes have no  az
im u th a l e lec tric  fie ld  com ponen ts  and as a re su lt m odes are a lw ays 
ra d ia lly  p o la rize d . In  th is  case the f ie ld  at the  c la d d in g  o u te r b o u n d 
a ry  is  p e rp e n d ic u la r to  the  in terface. F igu re  10 presents the vecto r 
f ie ld  p lo t  o f TE0 i 0 and  TM 010 m odes in  the  c la d d in g  reg ion .

H y b r id  m odes have b o th  ra d ia l and  a z im u th a l com ponen ts . Hence, 
b y  d e fa u lt, these classes o f m odes have no  p re fe rre d  p o la r iza tio n . The 
c lass ifica tion  o f h y b r id  m odes based on  the p o la r iz a tio n  p rope rtie s  
was f irs t  p roposed in  [77]. H o w e ve r th is  v ie w  is p ro b le m a tic  and  is 
p a r t ic u la r ly  incons is ten t fo r  the  c la d d in g  re g io n  [70, 72]. M o ris h ita  
no ted  tha t the  p o la r iz a tio n  p ro p e rtie s  change re m a rka b ly  based on  
the in d e x  d is tr ib u t io n  fo r  the  same s tru c tu re  [71] and  p roposed  a 
new  c lass ifica tion  scheme b y  fu r th e r  d iv id in g  the m ode  ty pes. In  o u r  
v ie w  such a scheme p ro v id e s  n o th in g  beyond  n e g lig ib le  taxonom ica l 
advantages a t the  p rice  o f added  co m p lica tio n . H ence w e  adop ted



Po
we

r 
fra

cti
on

 
in 

the
 

co
re 

Po
we

r 
fra

cti
on

 
in 

the
 

co
re 

Po
we

r 
fra

cti
on

 
in 

the
 

co
re 

Po
we

r 
fra

cti
on

 
in 

the
 

co
re 

Po
we

r 
fra

cti
on

 
in 

the
 

co
re

2.4 M O D E  F I E L D  A N D  T H E  P O L A R I Z A T I O N  P R O P E R T I E S

0.045

0 .00 '
I 25

‘ I Fftei
TMom

0.00
1.25

* H E lt
• E H u

1.35

”e(T

t
1.45

HE.,
EH .r

o  0 .045i

HÊm
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Figure 9: Plots o f the fraction o f the total pow er carried by fields o f c ladd ing  
modes in the core. M odes w ith  h igh  azim utha l o rder have less 
pow er in  the core than modes w ith  lo w  azim utha l order. In  gen
eral, o n ly  h igher order rad ia l m odes for identical az im utha l order 
H E and EH modes carries s im ilar am ount o f power. This general
ization  breaks dow n  for lo w  order rad ial modes.
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Figure 10: The vector fie ld  p lo t o f the electric field o f (a) TE 0 io and (b) 
T M o io  cladd ing  modes in  the cladding. A  transverse electric 
cladding m ode is always az im utha lly  po larized  whereas a trans
verse m agnetic m ode is always rad ia lly  polarized.

the un ive rsa l c lass ifica tion  scheme so le ly  based on  the s ign  o f  the 
s o lu tio n  o f the  d isp e rs io n  equa tio n  [73]. To und e rs ta n d  the d o m in a n t 
p o la r iz a tio n  b e h a v io u r o f the  h y b r id  m odes w e  ca lcu la te  the fra c tio n  
o f the  to ta l p ow e r ca rried  by  the ra d ia l com ponen ts  o f  the  e lectric  
fie ld . By d e fa u lt, then , the  a z im u th a l e lectric  f ie ld  co m p o n e n t carries 
the re m a in in g  p o w e r based on  the d e fin it io n  o f the  P o yn tin g  vecto r 
in  the  a x ia l d ire c tio n . The m ore  d o m in a n t the  ra d ia l com ponen t is, 
the  m ore  "T M - lik e "  the  m ode  is. Pow er in  the ra d ia l co m ponen t can 
be ca lcu la ted  us ing  the fo llo w in g  equa tio n

c o  2 r r

J J Ei-H^rdrdcj)
Fraction of power carried  by Er =   —----------- (2.4.1)

T o t a lP o w e r

D ue  to  o u r  choice o f the n o rm a liz a tio n  co n d itio n s  the to ta l po w e r 
ca rried  b y  each m ode  is 1W . In  F igu re  12 w e  p resen t o u r  ca lcu la tions  
fo r  h y b r id  m odes w ith  I  =  1 to  8. The p lo t  show s tha t, in  a step in d e x  
s tandard  te lecom  fib re , in  case o f EH m odes (H E  m odes) w ith  lo w e r 
e ffective  indexes, i.e. h ig h e r o rd e r ra d ia l m odes, fo r  any  a z im u th a l o r 
der, m ost o f the p o w e r is ca rried  by  the  ra d ia l com p o n e n t (a z im u th a l 
com ponen t) o f the e lec tric  f ie ld  vector. T h is  rem a ins  cons is ten t re 
gard less o f the  w ave leng th  o f in te rest. H ence fo r  a ll p rac tica l pu rpose  
HE m odes (EH) m odes in  these fib res  co u ld  be th o u g h t o f p r im a r ily  
a z im u th a lly  ( ra d ia lly )  p o la rize d .

A n o th e r use fu l m echan ism  to  v isu a lize  the  p o la r iz a tio n  p ro p e rtie s  
o f the m odes is to  p lo t  the vecto r f ie ld  o r ie n ta tio n  a t the  c la d d in g - 
o u te r layer in terfaces. F igu re  x i  show s such a p lo t  fo r  HE 1,25 and 
E H i 25- In  th is  case 4> =  n / 2 . I t  is clear fro m  the  im age th a t fo r  the 
HE (EH ) m ode  the e lec tric  f ie ld  vecto r is tangen t (n o rm a l) to  the su r
face. T h is  v ie w  is cons is ten t fo r  a n y  h ig h e r o rd e r ra d ia l m odes fo r 
a n y  a z im u th a l order. In  fact, the  p o la r iz a tio n  vec to r fo r  HE m odes at
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Figure 11: The intensity (a &  c) and the vector fie ld  plots (b &  d ) in  the 
cladding region for HE | 25 and  E H 125 respectively for My =  7t/2. 
A  pair o f HE and EH m odes of same rad ia l and azim utha l order 
have exactly same intensity d istribution  and are m u tu a lly  orthog
onal, How ever, the u nderly ing  field  pattern  is very  d ifferent from  
each other: H E  is m ore TE like and EH m ore T M  like

the c la d d in g  o u te r b o u n d a ry  a t the  in te n s ity  m a x im u m s  are a lw ays 
ta ngen tia l w hereas fo r the  EH case the vecto r is  n o rm a l to  the surface. 
A s  show n  in  F ig  12, fo r  lo w  o rd e r m odes w ith  g u id e  in d e x  close to  
the core fo r  each a z im u th a l o rder, HE m odes con ta in  a m a x im u m  o f 
50% T M  and v ice  versa.

2.5 C L A D D I N G  M O D E  I N  A  F O U R - L A Y E R  S T R U C T U R E

F igu re  13 show s a genera lized  s tru c tu re  o f a fo u r  layer fib re . There  is 
n o th in g  specia l abou t a fo u r  layer s tru c tu re  com pared  to  a th ree  layer 
s truc tu re . The fie ld  equa tions s t i l l  need to  sa tis fy  the  w ave equa tio n  
(2.2.2). The Debye p o te n tia ls  O  and T  are n o w  expressed as
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Figure 12: The fraction of total pow er carried by the rad ia l com ponent of 
each m ode. For a ll practical purpose, apart from  the low  order 
rad ia l modes, HE m odes can be generalized to be az im utha lly  
polarized  and EH m odes to be rad ia lly  po larized
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Figure 13: The generalized four layer fibre structure

<Di =  A !  JdtMrJExptxlcI)] (2.5.1a)

$ 2  =  {A 2J i[u 2r] +  B2Y t[u 2r]}E xp [il( j} ] (2.5.1b)

^ 3  =  {A 3 j l [u3r] +  B3Y,.[u3r]}E x p |il4 >] (2.5.1c)

=  B4K i[w 4r]Exp[iltJ>] (2 .5 .id )

¥ 1 =  C i h tu irJE xpM cJ)] (2.5.le )

W2 =  {C 2Ji[u.2r | +  D iY J ^ r J lE x p f i l i j } ]  (2.5.i f )

^ 3  =  {C 3J i[u 3r) +  D 3Yl [u 3r ] }E x p [ i l4>] (2 -5 -ig )

W4 — D 4K l [w 4 r]E xp [il4 )] (2.5.ih )

In  te rm s o f Debye p o te n tia ls  fie ld  expressions then  becom e 
C ore  reg ion : r  ^  a i

Er =  - - \ - ( C i l 2n f  J J u t t ]  +  A 1r u 1CT2J ( [u ir ] )E x p [ i l4>] (2.5.2a)
I n f  r

E<j> =  y - ( A i  a 2J i[u .ir ] +  C in f r u i  j [ [ u i r ] ) E x p [ i l4>] (2.5.2b)
n f r

A i
Ez =  ^ | p u f a 2Ji l i i i r ]E xp [i l4)] (2.5.2c)

H r =  ^ ( A 1l 2Jl [u l r ] - C 1r u 1a 1j{ [u , r ] )E x p [H 4>] (2-5-2d)

H(j, =  ^  (C i 03 J i[u i r] — A i r u i  J { [n i r ] )E x p [ i l4>] (2_5.2e)

H z =  - ™ u 2CT! J ifu i r ]E x p [ i l4>] (2.5.2f)
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C la d d in g  reg ion: a i <; r  <  a2

Er =  ^ ^ : ( c 2l-2n.2Ji[u 2T] +  D 2l 2n |Y l [u2r]

4- r u 2o 2 (A 2j { [ u 2r] +  B2YL'!u 2r]))Expfilcj>!

E«j> = -----3—(A 2cr2J {[u 2r] +  B2cr2Yv[u 2r]
n | r

+  n | r u 2 (C 2J {[u 2r] +  D 2Y {[u 2r]))Exp[ilc}>] 
2

Ez =  (A 2 J1 ju 2 r] +  B2Y i[u 2r])Exp[il(J)]

H r =  • j^ (A 2l 2J[u2r] +  B2l 2Y ![u 2ri

-  r u 2a i (C 2J([u2r] +  D 2Yl'[ u 2r]))E xp [x l4 >] 

H4, =  ^ ( C 2 ff i Jv[u 2r ] +  D 2 f f iY t [u 2r]

-  r u 2(A 2J ([u 2r] +  B2Y {[u 2r]))Exp[ilt{> ]

H z =  “ “ ^ - ( C 2J i[u 2r] +  D 2Yl [u2r])Exp[il<}>] 

Second c la d d in g  reg ion : a 2 ^  r  <  03

Er =  — 13- ( C 3 l 2n § J l [u 3r] +  D 3l 2n |Y l [u 3r] 
l n 3r

+  r u 3a2 (A 3J {[u 3r] +  B3Yl'[ u 3r ] ) )E x p [ i l4»]

E *  = -----y - ( A 3a 2J{[u3r] +  B3CT2Yl [u 3r]
n | r

+  n | r u 3 (C 3J{[u3r] +  D 3Yl/ [u 3r]))E xp tr l({ i] 
2

Ez =  7-i y ^ ( A 3l i ! i i 3 r) +  B3 Yl lu 3r|)E xp [ilc |i] 
l n 3(3

H r =  t - ( A 312J[u3t ]  +  B3 l 2Yl [u3r] 
l r

-  r u 3cr i (C 3 J((u3rj +  D 3Y {[u 3r]))E xp [il( |) ] 

H *  =  I ( C 3a ,J ,[u 3r] +  D 3<nY.[u3r]

-  r u 3 (A 3J [[u 3r] +  BsY^usrJJJExptiUJ)]

H z =  ~ ™ |^ ( C 3Jl [u 3rJ +  D 3Yl [u 3r ])E x p [il( jj]

(2.5.3a)

(2.5.3b)

(2.5.3c)

(2.5.3d)

(2.5.36)

(2-5-30

(2.54a)

(2.5.4b)

(2.5.4c)

(2 -5-4d)

(2.5.4e) 

(2-5-40
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O u te r reg ion : r  ^  0.3

Er =  \  (D 3l 2n 4 K l [w 4r] +  B4r w 4cr2l<M [w 4r])E xp [L l4>]
l n | r

E h, =
n | r

( B4 U2 K 1. [w 4r] +  D 4 n 4 r w 4 K,' fw 4 r ] } Exp [ilcjj]

B4w | g 2
l n ^|3

K l [w 4r])Exp[tlc})]

H r =  -1l(B4 l 2K l [w 4r] — D 4r w 4CTi K {[w 4r ] )E x p [ i l4)] 
I r

H

H 2

=  - ( D 4a i K ifw 4r] — B4r w 4K [[w 4r ] )E x p [ i l4)]

° 4^ 4 g1 K 1 tw 4 t ]  Exp

(2,5.5a)

(2.5.5b)

(2-5-5c)

(2.5-5d)

(2-5-5e)

(2-5-5f)

» 4  =  i .0 0

« 4 =  1 .37  

«4  =  1 .40  

*4  =  1 .4 2

X

.1?Soe<u
4—»

2

c

0

Radial Position (pm )

Figure 14: In tensity d istribu tion  o f the TE01 cladding m ode in  a four layer 
structure. H ere  a 1 =  4 .1pm , 02 =  25p m , a.3 =  25.05pm . The  
refractive index (n 3 ) for the th ird  layer is 2.1. Please note that 
sm aller rad ii are chosen for the ease of v isualization  o f the field  
intensity in the th ird  layer. The th ird  layer is too th in  to be ob
servable in  the figure, how ever the effect on the field is clearly  
visible.

The rest o f the  p rocedu re  rem ains exactly  the  same as the three 
layered case. There  is, however, one no tab le  d iffe rence . For the three 
layer case, in  genera l, w e seek a c la d d in g  m ode  e ffective  in d e x  va lue  
w h ic h  lies betw een n 4 and  n i . H ow ever, in  a fo u r  layer case the index  
o f the  th ird  layer can be low er, equa l, o r  h ig h e r than  the g u id e d  index  
o f in terest. T h is  is espec ia lly  o f in te res t w h e n  w e t r y  to  use th is  m ode l 
fo r  f in d in g  the u n k n o w n  in d e x  o f a ve ry  th in  th ird  layer. The above
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expressions are v a lid  fo r  case w h e n  n ef  f  >  n ^ . A  ve ry  th in  h ig h  index  
(n.3 ^  n i ) th ird  layer does n o t re s u lt in  the  c u to ff o f the  g u id e d  m ode  
in  the  c la d d in g . I f  the  n.3 ^  n ef f ,  the  phase pa ram e te r U3 becomes 
im ag ina ry . To m itig a te  th is  p ro b le m  w e u t il iz e  the  phase pa ram ete r 
W3 — 2n / X ( n ^ f f  n ? ) 2 w h ic h  is  rea l in  th is  case. A cco rd in g ly , w e 
choose Bessel fu n c tio n s  I and  K fo r  the  th ird  laye r in  e q u a tio n  2.5.1 
instead o f Bessel fu n c tio n s  J and  Y a long  w ith  phase pa ram e te r W3 
as a rg u m e n t [60] o f these Bessel func tions . T h is  cho ice keeps a ll e le
m ents rea l and  the  f ie ld  expressions and d isp e rs io n  re la tio n s  get m o d 
if ie d  accord ing ly . A t  the  cross over p o in t co rre sp o n d in g  to  n eff  =  n3 
the s o lu tio n  fo r  these tw o  d is t in c t expressions m u s t agree w ith  the 
e ith e r choices o f the  Bessel fu n c tio n s  and  the phase pa ram eters  fo r  
the  c o n t in u ity  o f the  m ode l. M a th e m a tic a lly  a t the  crossover p o in ts  
the fo llo w in g  a sym p to tic  expressions are used, w h e re  p  —> 0

h ip ]  =  ( | ) l / r f i  + 1 ] (2.5.6a)

i{ lp ]  = o .5 ( ^ ) l - V n i ] (2.5.6b)

KtEp] = o .5 r [ i ] ( | r l (2.5.6c)

K [[p ] =  -0 .2 5 r [ t+  l](|rl+1 (2.5*6d)

J itp ] =  ( | ) l / r [ i + 1] (2.5.6c)

j { [P] =  o . 5 ( | ) l ~ V r [ i ] (2.5.6O

Y tlp j =  _ ( I ) n i i ( H ) - i
71 1 (2-5-6g)

y i [p] =  -(̂ )r[i +  i](|rl+1 (2.5.6h)

H ere, F[x] denotes the  G am m a fu n c tio n  and  is equa l to  (x — 1)!
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3
The g ra tin g s  t i l t  breaks the a z im u th a l s y m m e try  o f the fib re  s truc 
tu re  and  enhances c o u p lin g  to  the  c la d d in g  m odes even w ith  h ig h e r 
a z im u th a l order. TFBG coup les  the  fo rw a rd  p ro p a g a tin g  core m ode  
to  the b ackw a rd  p ro p a g a tin g  c la d d in g  m odes. In  th is  chap te r w e  u t i
lize  the  fie ld  expressions presented in  the  p re v io u s  chap te r to  show  
tha t, the  c la d d in g  m ode  c o u p lin g  can be c o n tro lle d  b y  c o n tro llin g  the 
o r ie n ta tio n  o f  the  lin e a r ly  p o la r ize d  core m odes w ith  respect to  the 
p lane  o f the  t i l t  o f  the  g ra tin g . We presen t the  c o u p lin g  m echan ism  
in  section 3.1. We then  presen t the  transm iss ion  response o f a TFBG 
u s ing  the  co u p le d -m o d e  th e o ry  and  show  th a t the  tw o  o rth o g o n a l 
p o la r iz a tio n  states (X - o r  Y -po la rized ) o f the  core m ode  excite  a p a ir  
o f  spec tra lly  separated c la d d in g  m ode  resonances m ade o f e ith e r EH 
o r HE m odes, and  th u s  TFBG a llo w s  fo r  the  selective exc ita tio n  o f 
m odes w ith  the ra d ia l o r  the  a z im u th a l p o la r iza tio n .

Figure 15: C onfiguration  o f the X -tilted  gratings. "P" and "S" refers to the 
orientation of the P -polarized  and S -polarized core m ode electric 
vector respectively.

3 - 1  C O U P L I N G  C O E F F I C I E N T

D ue  the w eak index  m o d u la tio n  o f  the  g ra tin g s  the c o u p lin g  m echa
n ism  can be w e ll m o d e lle d  by  the coup led  m ode  theory. F o llo w in g  the 
d e fin it io n s  o f  E rdogan  and  Sipe [31], the  c o u p lin g  co e ffic ien t betw een 
tw o  in te ra c tin g  m odes in  the presence o f d ie le c tr ic  p e rtu rb a tio n s  Ae 
can be expressed by

© s / / / / / / /  Core

Kt2 (z > =  (w /4)  [  G e ( r , 4 > , z , e } E i ( T ,4 > ) - E ^ r , 4>)rdrd(|> (3 .1 .1 )
0 0

33
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where the superscript t denotes the transverse coupling coefficient 
and cu is the angular frequency in the free space. The gratings intro
duce only weak perturbation, hence the longitudinal coupling coeffi
cient is two orders of magnitude smaller than the transverse compo
nents. Therefore, in this analysis we ignore all longitudinal interac
tions. Also we assume that our grating tilt is in the x-z plane. The d i
electric perturbation due to the presence of the gratings Ae(x, y ,z , 0 ) 
for the TFBG can be expressed as [31]

A e (x ,y ,z ,0 ) =  2eon] 6n (x ,y , z)

— 2eouf crvcos(2Kgz')
=  2eonf crvcos(2Kg{zcos0 — x s in 0 ))
=  e0n f cr{exp[;2Kg (zcos 0 — x sin 0 )]

+  exp[—i'2Kg(zcos0 — xsin0)]}
(3.1.2)

Converting all elements to the cylindrical coordinates

=> A e (r ,4>,z,0 ) =  eoufo-{exp[i2Kg (zcos 0 — rcosc|>sin0 )]
+  exp [A 2Kg(zcos0 — rcos4>sin0 )]}

— 7̂ n t (exp [z2Kq (zcos 0 — r cos cp sin Ojj
AtuZo

+  exp[—i2Kg(zcos0 — rcos<J>sin0)]} (3.1.3)

Here Sn(x,y,z) =  ri) ovcos(2Kgz ') is the induced index change at 
the core, a is the slowly varying gratings profile and taken to be a 
constant for the uniform grating, z ' is the axis of the grating which 
makes an angle, the grating tilt angle, 0 w ith the fibre axis z, and 
z'  — zcos0 — x s in 0 (Figure 15); v is the fringe visibility and taken to 
be unity; Kg =  7i/A w ith A  is the pitch of the gratings; A n  =  2n i ov 
is the ac index modulation; and 0 is the tilt angle of the gratings. For 
simplicity we ignore the constant U V  induced background dc index 
change and take ac index modulation to be of constant amplitude, i.e. 
no apodization. Using this expression for Ae(r, cf>,z, 0 ) in equation 
(3.1.1), the k 12 can then be expressed as summation of two compo
nents

Ki 2 =  g^2 exp(2(Kgzcos0 ) +  g12exp(—2iKgzcos0 ) (3-1-4)

where,
27T dl

(E i ■ E 2 )e xp (3= 2 iK g rcos4 )s in0 )rd rd4>  (3.1.5)
, Tttii An  

9 12 4AZ0
0 0
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H ig h e r F o u rie r com ponen ts  o f the  g ra tin g s  are o f n e g lig ib le  im p o r
tance w ith in  the  b a n d w id th  o f  in te res t and  hence w e neg lect those 
term s.

10° TFBG

S-pol HE P-polH E

Even HE Even EH Odd HE Odd EH

Overlap H E-S Overlap EH-S Overlap HE-P Overlap EH-P

•  •  •

Figure 16: In  the presence of the 10 deg tilted  grating, P -poIarized  core m ode  
(H E ] j )  couples d om inan tly  to the odd E H 2m m ode whereas the 
S-polarized core m ode couples to the even H E 2m modes. The  
grating  assisted overlap in  other tw o  cases are oscillatory and  
result in  neglig ible integral value according to equation 3.1.5.

U n d e r w e a k ly  g u id in g  a p p ro x im a tio n , the core H E n  can be ex
pressed as X - o r  Y- lin e a r ly  p o la r ize d  m odes. In  o u r  core m ode  equa
tions  these tw o  scenarios co rrespond  to  the cases w h e re  i|i =  0 and 
i|> =  2  respective ly. We assum ed o u r g ra tin g s  to  be X -tilte d  b y  v ir tu e  
o f choos ing  co s 4> dependence in  o u r  g ra tin g s  equations. H ence X- 
p o la rize d  (Y -po la rized ) H E ] 1 m ode  is P -po la rized  (S -po la rized) w ith  
respect to  the g ra tin g  (F igu re  15). In  rea lity , the  core m ode  is n o t 
exactly  lin e a r ly  p o la rize d , i.e. X -p o la rize d  (Y -po la rized ) core m ode  a l
w ays con ta ins som e com ponen ts  in  the y  d ire c tio n (x  d ire c tio n ). H o w 
ever, such com ponen ts  are ra the r ve ry  sm a ll and  w e ig n o re  them . The
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m a g n itu d e  o f the  c o u p lin g  coe ffic ien t is the  re su lt o f  the  in te rp la y  n o t 
o n ly  betw een the e lec tric  f ie ld  in tens itie s  o f the  c la d d in g  m odes in  
the core b u t also on  the  ve c to ria l d is tr ib u tio n s  o f the  m odes o f in te r
est. The ve c to ria l d is tr ib u t io n  ensures th a t the  S -po la rized  core m ode  
coup les p r im a r i ly  to  the  o d d  HE m odes and P -p o la rized  core m ode  
coup les to  the  even EH m odes. A s  an exam ple , the  F ig u re i6  show s 
the 10 deg  g ra tin g  assisted c o u p lin g  in te rac tions  be tw een HE 11 core 
m ode  and  HE243 ( n ef f  =  1.3333), and  be tw een H E n  core m ode  and 
EH 244 ( n ef f  — 1.3329 ) fo r  b o th  P and  S p o la r iz a tio n . These tw o  
c la d d in g  m odes are tw o  consecutive  so lu tio n s  o f the  d isp e rs io n  re 
la tio n  equa tio n  2.2.14. 1° the  presence o f the  d ie le c tr ic  p e rtu rb a tio n
S -po la rized  H E n  has m a x im u m  overlap  w ith  the even HE243 and 
m in im u m  ove rlap  w ith  the  even EH244 m odes. The  ove rlap  w ith  the 
even EH244 m ode  is o s c illa to ry  and  hence resu lts  in  a sm a ll va lue  
th ro u g h  the in te g ra l re la tio n sh ip  o f equa tio n  3.1.5. The scenario  is 
co m p le te ly  reversed fo r  the  P -po la rized  case w h e re  the  m a x im u m  
c o u p lin g  happens fo r  the EH244 o d d  m ode.

M o re  in te res ting ly , even the w eakest t i l t  d is tin g u ish e s  co m p le te ly  
betw een the c irc u la r ly  sym m e tric  TEom and T M o m cases. In  th is  case 
the P -p o la rized  (S -po la rized ) core m ode  coup les o n ly  to  the ra d ia lly  
p o la r ize d  T M o m (TEom ) and no  cross co u p lin g s  are a llow ed . The co u 
p lin g  to  the h y b r id  m odes w ith  any a z im u th a l o r  ra d ia l o rd e r a lso de
pends on  the p o la r iz a tio n  na tu re  o f  the m ode, i.e. h o w  "T E "  o r  " T M "  
lik e  the  m ode  is.

As exam ples w e  in c lu d e  the c o u p lin g  fo r  the  10° t i l t  angles in  F ig 
ures 17 and 18. In  b o th  cases the m a g n itu d e  o f the  in d e x  p e rtu rb a tio n  
is taken to  be 5 x  10 3 . A s  sh o w n  in  the p re v io u s  chapter, m odes 
w ith  ( I  0) e ffective  g u id e  in d e x  close to  the  core in d e x  have w eak 
p re fe re n tia l p o la r iz a tio n , i.e. ra d ia l and  a z im u th a l e lectric  f ie ld  com 
ponen ts  are e q u a lly  s trong . There fo re , the core m ode  coup les s tro n g ly  
w ith  these m odes regard less o f the  p o la r iz a tio n  o rie n ta tio n . F lowever, 
a 10° t ilte d  g ra tin g  suppresses c o u p lin g  to  m ost o f these m odes. M o re 
over the s trongest c o u p lin g  occurs fo r  m odes o f the  f ir s t  ten a z im u th a l 
o rde rs  on ly. T h is  is n o t s u rp r is in g  and  is cons is ten t w ith  the F igu re  
9 w h ic h  show s th a t h ig h e r o rd e r m odes have less p o w e r in  the  core. 
Hence, c o u p lin g  coe ffic ien ts  o f m odes o f a p a r t ic u la r  a z im u th a l o r
d e r are fu n c tio n  o f g ra tin g  t i l t ,  p o w e r in  the  core, and  the re la tive  
s tre n g th  o f the  a z im u th a l (o r ra d ia l)  com p o n e n t o f  the e lec tric  f ie ld  o f 
the  m ode. T h is  fea tu re  is  also e v id e n t in  the  c o u p lin g  co e ffic ie n t p lo ts . 
M odes w ith  no  p re fe re n tia l p o la r iz a tio n , i.e. w ith  b o th  s tro n g  ra d ia l 
and a z im u th a l e lec tric  f ie ld  com ponen ts , co u p le  e q u a lly  s tro n g ly  fo r 
b o th  P and  S -po la rized  cases. H o w e ve r m odes w ith  in d e x  aw ay fro m  
the core have s trong  p re fe re n tia l p o la r iz a tio n  re s u lt in g  in  the  s trong  
p o la r iz a tio n  depen den t co u p lin g .
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Figure 17: The coupling coefficients fo r the P-polarized core mode fo r 1 cm 
long grating w ith  10° tilt.
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O nce the  c o u p lin g  coe ffic ien ts  are d e te rm in e d , the  transm iss ion  spec
tra  can be ca lcu la ted  b y  s o lv in g  a set o f s im p le  co u p le d  equa tions  
w h ic h  describe h o w  the s lo w ly  v a ry in g  a m p litu d e  o f the  core m ode  
u (z ) coup les  to  any  c la d d in g  m ode  w ith  a m p litu d e  v lm (z) in  the  pres
ence o f  the g ra tin g  in d u ce d  d ie le c tr ic  p e rtu rb a tio n . By ig n o r in g  a ll 
losses and  u t i l iz in g  s lo w ly  v a ry in g  wave a p p ro x im a tio n s  and a p p ro 
p ria te  re la tions , the  coup led -m o de  equa tions  can be expressed in to  
the fo llo w in g  s im p le  fo rm  [78]

- £ j g + v lm e x p ( j26z) (3-2-i)

jg ~ u e x p ( - j26z)] (3-2-2)

w h e re  u (z) and  v (z ) deno te  the fo rw a rd  tra v e llin g  core m ode  and 
the backw a rd  tra v e llin g  c la d d in g  m odes respective ly, and  28 =  |3U +  
|3V — 2K g cos 0 is the  g ra tin g  assisted phase m a tch in g  param eters, and 
|3 is the  p ro p a g a tio n  constan t o f a m ode. A t  5 =  0, g ra tin g  p e rio d  
A  =  A ( n ef f <core +  n ef f , c ia d )  d ic ta te  the  phase m a tch in g  w ave leng ths 
fo r the  c la d d in g  m odes. The b o u n d a ry  co n d itio n s  fo r  a g ra tin g  o f 
leng th  L  are: u (z  =  — L /2 ) =  1, v (z  =  L / 2 ) =  0.

The set o f equa tions 3.2.1 describes the in te ra c tio n  o f a la rge  n u m 
ber o f m odes th ro u g h  co u p le d  f irs t  o rd e r d iffe re n tia l equations. In  
the p re v io u s  chap te r w e show ed th a t fo r  10° t ilte d  g ra tin g s  the  core 
m ode  in te rac ts  s tro n g ly  w ith  c la d d in g  m odes w ith  a z im u th a l o rd e r 
u p to  10. H ence the ca lcu la tio n  o f the transm iss ion  spectrum  requ ires 
the s o lu tio n  o f the  f irs t o rd e r d iffe re n tia l equa tions  w ith  a t least over 
1000 m odes. M o re o ve r the so lu tio n s  need to  be co m p u te d  a t each 
w ave leng th . H ence the d if f ic u lty  o f so lv in g  the co u p le d -m o d e  equa
tions  depend  on  the s treng th  and  the  spectra l d e n s ity  o f resonances 
[65]. H o w e ve r th is  c o m p u ta tio n a l p ro b le m  is g re a tly  s im p lif ie d  b y  
recogn is ing  th a t the  d iscre te  m o d a l so lu tio n s  fo r  the  c la d d in g  m odes 
resu lts  in  m odes w h ic h  are n e a rly  degenerate. Thus, fo r  an y  w ave
le n g th  m odes w ith  the sm alles t d e tu n in g  param ete r 5 are o f in terest. 
Even then, i f  the m a te ria l d isp e rs io n  canno t be ig n o re d , w h ic h  is the 
case fo r  a 10° t ilte d  g ra tings  since the  spectra l response spans over 
100 a m  b a n d w id th , the  ca lcu la tio n  s t i l l  rem ains cha lleng ing .

We ca lcu la te  the  transm iss ion  spec trum  u s in g  the  fo llo w in g  proce
dure :

1. F irs t we lo o k  fo r the  m oda l so lu tio n  o f us ing  the  d ispe rs ion  
re la tion . I f  the  m a te ria l d isp e rs io n  can be igno red , th is  can be 
done  o n ly  a t the  B ragg w ave leng th  fo r  m odes o f a ll ra d ia l and 
a z im u th a l order. I f  the  m a te ria l d isp e rs io n  canno t be ig n o re d , o r

d u
dz

V~ rd v im
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Figure 1 9 : The calculated and the m easured spectra o f 1 cm  long 4 ° TFBG  
w ith  S-polarized core m ode. W e obtain the calculated spectrum  
by ignoring  m ateria l dispersion and includ ing  m odes w ith  az
im utha l o rder o f I  =  0 to 5.
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h ig h  accuracy is  des ired  w e lo o k  fo r  m odes a t each w ave leng th  
(p m ) th a t sa tis fy  the  m o m e n tu m  conse rva tion  re q u ire m e n t o f 
the  g ra tin g s  in te ra c tio n , i.e., 6 = 0 .

2. We ca lcu la te  the c o u p lin g  coe ffic ien t o f  each o f these m odes

3. We estim ate  the  b a n d w id th  o f a resonance fo r  each m ode  based 
on  the c lo se d -fo rm  expression o f the  co u p le d -m o d e  equa tions 
in v o lv in g  tw o  m odes [65]:

w h e re  A d is the  des ign  w ave leng th , i.e. the  w ave leng th  w he re  
fo r  the  m ode  o f in te res t 6 =  0; L is the  le n g th  o f the  g ra tings ; 
and  is the n o rm a liz e d  b a n d w id th .

4. K n o w in g  the b a n d w id th , w e  can g ro u p  the  m odes fo r  w h ic h  the 
resonances overlap . T h is  a llo w s  us to  in c lu d e  o n ly  the m odes 
w h ic h  are o f in terest.

5. We subsequen tly  solve a set o f co u p le d  m ode  equa tions  in v o lv 
in g  a ll m odes o f in te res t in  a p a r tic u la r  w ave leng th .

F igu re  19 show s the  ca lcu la ted  and the e xpe rim en ta l spectra o f  a 
4° TFBG fo r  the  S -po la rized  core m ode. F ig u re  20 show s the  ca lcu 
la ted  spectra o f 10° g ra tin g s  fo r  b o th  S- and  P -p o la rize d  core m odes. 
For the case o f 4° TFBG, w e  ca lcu la te  the  spectra u s in g  m odes o f az
im u th a l o rd e r less than  6 w hereas fo r  the  10° case w e in c lu d e  m odes 
u p  to  a z im u th a l o rd e r o f  13, th a t is in c lu d in g  a to ta l o f over 1600 
m odes. We ig n o re  m a te ria l d isp e rs io n  fo r  b o th  cases and assum e g ra t
ings to  be o f 1 c m  in  leng th .

In  F igu re  21 w e  present the  d isp e rs io n  com pensated p a rtia l trans
m iss ion  spectra o f a 10° t ilte d  4m m  lo n g  g ra tin g . The  c la d d in g  m ode  
in d e x  d is tr ib u t io n  has a c h irp  i.e. h ig h  in d e x  m odes o f the  same az
im u th a l o rd e r are m ore  c lose ly  spaced together. T h is  a long  w ith  the 
p re fe re n tia l p o la r iz a tio n  p ro p e rtie s  o f the  h ig h e r ra d ia l o rd e r h y b r id  
m odes in tro d u ce s  a com p le te  s p lit  in  the  resonance transm iss ion  spec
tra o f the  TFBG a t sh o rte r w ave leng ths d e p e n d in g  on  the  core  m ode  
p o la r iz a tio n  o r ie n ta tio n  w ith  respect to  the  p lane  o f the  t i l t  o f  the 
g ra tings . TFBG w ith  10° t i l t  a llo w s  s trong  c o u p lin g  in to  these h ig h e r 
o rd e r ra d ia l m odes. F igu re  21 show s the s p lit  in  a g ro u p  o f c la d d in g  
m ode  resonances. For these classes o f  resonances P -p o la rize d  core 
m ode coup les d o m in a n tly  to  E H lm  and  T M o m m odes a nd  S -po la rized  
core m ode  coup les  to  H E lm  and  TEom m odes. The c o u p lin g  to  the 
H E t m ( E H im ) fo r  P -po la rized  (S -po la rized) core m ode  are, a t least, 
an o rd e r o f  m a g n itu d e  sm aller, and  hence can be to ta lly  ig n o re d  fo r 
a ll p rac tica l pu rpose . M o re o ve r fo r  b o th  P- and  S -po la rized  cases, odd

(3 -2-3)
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Wavelength (nm)
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F igure 2 0 : The calculated transm ission spectra o f a 1 cm  long 10° TFBG  for 
the S- and P -polarized  cases. We obtain  the calculated spectra 
by ignoring m ateria l dispersion and includ ing  modes w ith  az
im utha l order I  =  0  to 13 using over 1600 modes.
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Figure 2 1 : First tw o panel shows the calculated and the experim ental par
tia l transm ission spectra of 10° tilted  0.4 cm  long TFB G  w ith  
^Bragg =  1610 n m . S- and P -po larized  resonances are spectrally  
w e ll separated. Bottom  im age shows the d om inan t modes and  
typ ical coupling  coefficient for 1 cm  long gratings.
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a z im u th a l o rd e r a nd  even a z im u th a l o rd e r ( in c lu d in g  zero) m odes are 
n e a rly  degenerate and fo rm  a lte rn a tin g  resonance d ips .

Or

«
T 3
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C
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S3C3

n3 = 1.000 
n3 = 1.350 
n3 = 1.400 
n3 = 1.414 
n3 = 1.418
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E R ,„
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1 5 6T 5 1 570.25 
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Figure 2 2 : E volution o f a c ladding resonance (n ef f  =  1.4169), coupling co
efficient o f the constitutive modes, and the m ax im u m  index va ri
ation of the constitutive m odes (spread o f modes) as a function  
of surround ing  m ed iu m  index fo r a 4° TFBG . The slight sharp
en ing  of the resonances w ith  h igh n 3  occurs despite decreasing  
coupling  coefficient due to bunching o f modes.

O u r re su lt is cons is ten t w ith  the e xpe rim en ta l evidences p u t fo r
w a rd  in  [45]. In  the  reference [45] the  au th o rs  dem onstra ted  the  ex
c ita tio n  o f the surface p lasm on  in  a g o ld  coated c ladded  fib e r w ith  
a TFBG. T hey  e x p e rim e n ta lly  dem onstra ted  th a t the  p lasm on  co u ld  
o n ly  be excited w h e n  the p o la r iz a tio n  o f the  core m ode  a t the  g ra tin g s  
are P -po la rized  w ith  respect to  the p lane  o f the  t i l t  o f  the  g ra tings  and  
as a re su lt the  transm iss ion  spec trum  e xh ib its  s tro n g  suppress ions o f 
c la d d in g  resonances. To excite  p lasm on  on the  g o ld  coated surface 
one requ ires  ra d ia l p o la r iza tio n . Since S -po la rized  m odes coup le  to  
the a z im u th a liy  p o la r ize d  HE and TE c la d d in g  m odes, these sets o f
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m odes, desp ite  b e ing  spectra l n e ighb ou rs  to  EH and T M  m odes re
spective ly, are unab le  to  excite  surface p lasm on.

We n o w  w a n t to  b r ie f ly  exam ine  the effect o f the  in d e x  change on  
the c la d d in g  m ode  resonance. C han  e t al. in  the  ref. [39] re p o rte d  tha t 
w ith  the change in  the  ex te rna l index , the  sharpness o f c la d d in g  m ode  
resonances increases and  then  r ig h t  be fo re  the  cu to ff, the  resonance 
a m p litu d e  decreases. We investiga te  th is  e ffect in  a 4° t ilte d  g ra tin g  
by  v a ry in g  the va lue  o f  U3, i.e. the  in d e x  o f the  ou ts ide  m e d iu m . We 
present the resu lts  o f o u r  ca lcu la tio n  in  the  F igu re  22. Each resonance 
is m ade o f m odes o f m a n y  d iffe re n t a z im u th a l orders. A  h ig h e r az
im u th a l o rd e r m ode  is s lig h t ly  m ore  sensitive, hence i t  gets p e rtu rb e d  
m ore  w ith  the change in  the in d e x  com pared  to  a lo w  a z im u th a l o r
d e r m ode. H o w e ve r the  d iffe rence  in  s e n s it iv ity  can be apprec ia ted  
o n ly  e ith e r near cu to ff, o r  espec ia lly  fo r  m odes w ith  la rge  a z im u th a l 
o rd e r m ism a tch , e.g. I  =  1 to  I  =  7. The  v a ria tio n  in  the n3 va lue  has 
tw o  fo ld e d  effect: f irs t, the  c o u p lin g  coe ffic ien t o f some o f the  con 
s titu tiv e  m odes decreases w ith  the  increas ing  index . A s 113 increases, 
fra c tio n  o f p o w e r in  th a t layer increases, th is  decreases p o w e r in  the 
core fo r  th is  m ode, re s u lt in g  in  the lo w e r ove rlap  va lue, i.e. the  cou 
p lin g  coe ffic ien t goes d o w n . Second: due  to  the d iffe rence  in  se n s itiv 
ity  am ong  the c o n s titu tive  m odes o f a resonance, the  ove ra ll e ffective  
in d e x  spread o f these m odes goes d o w n , i.e. m odes becom e c lose ly  
packed in  the  e ffective  index  space, o r becom e m ore  degenerate. T h is  
sub tle  change in  the  m o d a l e ffective  in d e x  spread over com pensates 
the d ro p  in  the  c o u p lin g  coe ffic ien t and  the ove ra ll resonances gets 
s lig h tly  sharper. A s  the  va lue  o f n j  increases fu r th e r  and approaches 
the c u to ff va lue  o f the  m odes, s e n s it iv ity  be tw een m odes o f d if fe r 
en t a z im u th a l o rd e r gets m ore  p ro m in e n t, and  as a resu lt, h ig h e r az
im u th a l o rd e r m odes sa tis fy  the c u to ff c o n d itio n s  w ith  lo w e r n3 va lue. 
Thus near c u to ff the  resonance d e p th  decreases since now , b o th  the  
n u m b e r o f  the co n s titu tiv e  m odes and  c o u p lin g  coe ffic ien t o f  each 
m odes are lower.

F in a lly  in  F igu re  23 w e  p lo t  the s im u la te d  response o f a p a ir  o f 
P and S resonances w ith  e ffective  in d e x  o f 1.3042 and 13047 respec
tiv e ly  w ith  respect to  the  change in  o u ts id e  index . In  th is  p lo t  the 
Y-axis co rresponds to  the re la tive  p o s it io n  change w ith  respect to  the 
Bragg w ave leng th  and  the X -ax is  co rresponds to  the in d e x  change 
in  the o u te r m e d iu m . These tw o  resonances are m ade o f m odes o f 
same a z im u th a l o rde r, b u t o f d iffe re n t p o la r iz a tio n ; desp ite  be ing  im 
m ed ia te  n e ig h b o u r in  te rm s o f the  w ave leng th  lo ca tion  in  the  TFBG 
transm iss ion  spectra, the  resonances exc ited  b y  the P -po la rized  core 
m odes show s s lig h t ly  m o re  s e n s it iv ity  to  the  ex te rna l in d e x  change 
than  the resonances exc ited  by  the S -po la rized  core m ode. A s  the 
m odes approaches c u t-o ff b o th  resonances ove rlap  each other. T h is  
can be und e rs to o d  b y  the fact as the in d e x  d iffe rence  betw een the
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Figure 2 3 : The Response o f the (10°) S-pol and the P -pol resonances as func
tions of t i j .  The resonances contain m odes w ith  effective indexes 
o f -1 .3042  (P -po larized) and -1 .3047  (S-po larized) respectively  
and the resonances lie beside each other in  the transm ission spec
tra. Resonances excited through P -polarized  modes m ove m ore  
and near cutoff overlaps w ith  S-polarized modes

c la d d in g  and the ou ts ide  m e d iu m  decreases, the  effect o f  the  b o u n d 
a ry  becom es w eak, i.e. m odes becom e w e a k ly  g u id e d  and  degenerate.

3 . 3  C O M M E N T S

In  the  last tw o  chapters  w e  have presented the com p le te  vec to ria l 
m ode  c o u p lin g  p ro p e rtie s  o f w e a k ly  t ilte d  fib e r B ragg g ra tings . We 
started the d iscuss ion  b y  s o lv in g  the d isp e rs io n  equ a tio n  o f a th ree 
layer f ib re  s tru c tu re  fo r  the  c la d d in g  m odes. We have presented a 
s im p le  s ign  conven tio n  to  d is tin g u is h  be tw een the h y b r id  n a tu re  o f 
the  c la d d in g  m odes and then  investiga ted  the  p o la r iz a tio n  p rope rties  
o f these c la d d in g  m odes. The fo u r  classes o f c la d d in g  m odes are ra 
d ia lly  p o la rize d  T M o m m odes, a z im u th a lly  p o la r ize d  TEom m odes, 
and  h y b r id  HE and  EH m odes. H y b r id  m odes w ith  h ig h  ra d ia l o rd e r 
have p re fe re n tia l p o la r iz a tio n  in  a sense th a t over 95% o f to ta l p ow e r 
is ca rrie d  by  the ra d ia l o r  the  a z im u th a l com ponen ts. H ence fo r  a ll 
p ra c tica l pu rp o se  these m odes can be regarded  as co m p le te ly  ra d ia lly  
o r a z im u th a lly  po la rize d .

The t ilte d  g ra tin g  b reak the sy m m e try  o f the  fib re  s tru c tu re  and  
show  a com p le te  p re fe re n tia l c o u p lin g  p ro p e rtie s  fo r  the TEom and 
T M 0m m odes based on  the o r ie n ta tio n  o f the  p o la r iz a tio n  vecto r o f 
the core m ode  w ith  respect to  the p lane  o f the  t i l t  o f the g ra tings . 
C o u p lin g  to  any  h y b r id  m odes is a lso a fu n c tio n  o f the  p o la r iz a tio n  
o r ie n ta tio n  o f the  core m ode. The HE and EH m odes o f a p a rtic u la r
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ra d ia l o rd e r are the  tw o  o rth o g o n a lly  p o la r ize d  n e a rly  degenerate 
so lu tions  o f the  e igenva lue  equa tio n  fo r  the  same a z im u th a l o rder. 
H ow ever, th e ir  sepa ra tion  increases w ith  the ra d ia l o rde r; so does the 
abso lu te  p o la r iz a tio n  preference. M o re  in te res ting ly , t i l te d  g ra tin g s  
even w ith  a re la tiv e ly  w eak t i l t  a llo w s  selective c o u p lin g  to  e ith e r 
the a z im u th a lly  p o la r ize d  HE o r  to  the  ra d ia lly  p o la rize d  EH m odes. 
There fore , each resonance excited b y  the  core m ode  is e ith e r ra d ia lly  
o r  a z im u th a lly  p o la rize d . In  the ne x t chap te r w e use th is  p ro p e rty  to  
investiga te  carbon nano tube  th in  f i lm  g ro w th  on  the c la d d in g  o f the 
fibre.
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O N  O P T I C A L  F I B R E

In  th is  chap te r w e p resent the  s tu d y  o f  the  in te ra c tio n  be tw een the 
s in g le -w a ll ca rbon nano tube  depos ited  on  the  c la d d in g  o f s tanda rd  
te lecom  fib re  and  the  TFBG. We inves tiga te  the e v o lu tio n  o f the  lin e a r 
o p tica l p ro p e rtie s  and  the  th ickness o f the  S W C N T  th in - f i lm  g ro w th  
us ing  the spectra l response o f TFBG. We b e g in  the  chap te r b y  p re 
sen ting  the d e p o s itio n  techn ique  and, then , proceed to  p resent the 
resu lts  o f o u r  analysis. In te re s tin g ly , o u r  e xpe rim en ta l resu lts  show  
h ig h  p o la r iz a tio n  depen den t loss o f ra n d o m ly  o rie n te d  ca rbon  nan 
o tube  th in  film s ; and  m o re  im p o rta n tly , the  d iffe rence  in  p o la r iz a tio n  
depen den t loss decreases ra p id ly  and  a fte r a ce rta in  c r it ic a l th ickness 
the d iffe rence  is n e g lig ib le . H ow eve r the  f i lm  show s n o  b ire fringence .

4 - 1  C N T  D E P O S I T I O N

We d e p o s it S W C N T  o n  the c la d d in g  o f fib res  u s in g  the "d ip -c o a tin g "  
m e thod . We use h ig h  p u r ity , g rea te r than  90 mass%, S W C N T 's  o f 
a p p ro x im a te ly  1.3 n m  in  d ia m e te r and  abou t 1 p m  in  le n g th  fo r  th is  
purpose . N ano tubes are p ro d u ce d  u s in g  the  laser-oven m e th o d  a t the 
N a tio n a l Research C o u n c il, Canada [79]. The m ix tu re  has a ra tio  o f 
se m ico n d u c tin g  nanotubes to  m e ta llic  nanotubes o f ro u g h ly  2 : 1. The 
d e p o s itio n  process requ ires  the p re p a ra tio n  o f the  C N T  suspension 
in  D M F  (N , N -d im e th y lfo rm a m id e ) so lu tio n . We d e p o s it S W C N T  on  
the c la d d in g  o f the  fib re  w ith  1 cm  lo n g  4° t i lte d  g ra tings  w ith  B ragg 
w ave leng th  at ~ 1586r tm . The g ra tin g s  are fab rica ted  b y  s ide expos ing  
the fib re  to  a 248n m  pu lsed  K rF  (K ry p to n  f lu o r id e )  E xc im er laser 
beam  d iffra c te d  o f f  a phase m ask [30].

The "d ip -c o a t in g "  process invo lves  the  fo llo w in g  steps (F igu re  24):

1. We fu n c tio n a liz e d  ~ 10m g  o f S W C N T 's  u s in g  ba th  son ica tion  in  
70% n itr ic  ac id  fo r  2 hours. T h is  ac id  tre a tm e n t creates de fect 
sites in  the C N T  s truc tu re .

2. We recover the  nanotubes by f iltra t io n .

3. To ge t r id  o f excess n it r ic  ac id , w e  rinse  the SW CN Ts u s in g  
n a n op u re  w a te r ( 18.2M D  — cm  io n ic  p u r ity )  th ro u g h  son ica tion  
fo r  ~2 hours.

4. We then re-d isperse the  SW CNTs in  10m L  D M F  so lu tio n . The 
ac id  trea ted  nanotubes d isperse re a d ily  in  the  D M F  so lu tio n
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Figure 2 4 : Preparation o f the S W C N T -D M F  suspension. We deposit C N T  on 
the fibre surface through repeated sequential d ip p in g  in  APTES  
so lu tio n ,C N T -D M F  suspension, and in  nanopure water.



4 - 1  C N T  D E P O S I T I O N

and p ro d u ce  o p tic a lly  b lack  th ic k  suspension. T h is  process cre
ates C O O H -fu n c tio n a liz e d  n ega tive ly  charged SW CNTs.

5. To in tro d u c e  a d so rp tio n  o f the  SW CNTs, w e need to  fu n c tio n a l-  
ize the surface o f the  fib re . W e accom p lish  th is  b y  d ip p in g  the 
fib re  in  0.1 w t%  aqueous APTES (3 -A m in o p ro p y ltr ie th o x y s ila n e ) 
s o lu tio n  fo r  -3 0  seconds. T h is  process p roduces a m in o -te rm in a te d , 
s ilan ized  p o s it iv e ly  charged surface.

6. We subm erge the  fu n c tio n a lize  f ib re  in  the  D M F -C N T  suspen
s ion  fo r  ~ 1 m in u te . The p o s it iv e ly  charged fib re  surface re a d ily  
adsorbs n e g a tive ly  charged fu n c tio n a lize d  SW CNTs.

7. In  the  f in a l step w e  subm erge the fib re  in to  the nanop u re  w a te r 
to  hom ogen ize  the d is tr ib u t io n  and  to  get r id  o f any loose ly  
connected nanotubes and  then  f in a lly  a ir  d r y  the fib re .

8. We then  repeat the  e n tire  d ip p in g  cycle to  increase the th ickness 
o f the  nano tube  layer.

SSQ f r -
Broadband 
source

Polarization
controller

TFBG Spectrum
analyzer

(a)

D
PC ui

Tunable Laser

Photodetector

W
C
07c

T3C
0
C l

(0 e
0050 Q
15

0 0
07Q.LUO

TFBG

LUNA optical vector analyzer

(b)

Figure 2 5 : The po lariza tion  dependent response can be m easured tw o  ways: 
(a) using a broadband source, po larization  controller and a spec
trum  analyzer; or (b) using a L U N A 's  O ptica l Vector A na lyzer

In  genera l, the p o la r iz a tio n  depen den t response o f the  TFBG can 
be ob ta ine d  e x p e rim e n ta lly  by  la u n ch in g  p o la r ize d  lig h t  in  the  fib re  
and  e n su rin g  the p ro p e r e lec tric  vecto r o r ie n ta tio n  a t the  TFBG. We 
le t the lig h t  fro m  a b ro adba nd  source pass th ro u g h  a p o la r iz a tio n  
c o n tro lle r (m ade o f a po la rize r, h a lf w ave p la te  and  a q u a rte r wave
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Figure 26: The cladding mode response o f a pa ir o f S- and P-resonances 
du ring  the 23 d ipp ing  cycle o f the SWCNT deposition on the 
cladding o f the optical fibre (Sample 1).
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Figure 2 7 : S E M  images, in  three d ifferent scales, confirm s the presence of 
the S W C N T  layer on the fibre surface
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p la te ) to  o b ta in  p o la r ize d  l ig h t  (F igu re  25a). S tandard  te lecom  fib re  is 
n o t a p o la r iz a tio n  m a in ta in in g  fib re , and  hence the p o la r iz a tio n  vec
to r changes its  o r ie n ta tio n  as the  l ig h t  propagates. D ue  to  bend , stress 
and  o th e r la b o ra to ry  va riab les  even k n o w in g  the exact p o s it io n  o f the 
TFBG and the in it ia l l ig h t  vec to r o r ie n ta tio n  is n o t good  enoug h  to  en 
sure the  exact co n tro l o f the  vector. F lowever, one can f in d  the S- and  
P- resonances by  ro ta tin g  the  vecto r o f the core m ode  and  seeking 
the m a x im u m  separa tion  be tw een a p a ir  o f resonances 25b). D u r in g  
the d ip p in g  cycle  w e co n s ta n tly  m o n ito r  the  spectra l response o f the 
TFBG u s in g  L una 's  O p tic a l Vector A na lyze r. We record  the  stable re
sponse o f the  TFBG a fte r each cycle  o f depos itio n . Luna  m easures 
the com p le te  Jones M a tr ix  (2X 2 com p lex  m a tr ix , w ith  the phase and 
the a m p litu d e , fo r  each w ave leng th ) fo r  the  fu l l  spectra l range o f the 
TFBG 's response. The repeated d e p o s itio n  o f C N T  on  the  surface o f 
the  c la d d in g  o f the  fib re  m o d ifie s  the spectra l response o f the  g ra t
ings  b y  chang in g  the w ave leng th  lo ca tion  and  the  a m p litu d e  o f each 
c la d d in g  m ode  resonance. The s h ift in  the  resonance lo ca tion  a fte r 
each d ip p in g  cycle  re a d ily  co n firm s  the g ro w th  o f the  nano tube  layer 
on  the surface. U s in g  the Jones m a tr ix  data  the P- and S -po la rized  
response o f the g ra tin g s  are then  ca lcu la ted  u s in g  the  fo llo w in g  axis 
tra n s fo rm a tio n  ru le  (i.e. a lin e a r po la rize r):

l o u t
cos2 0 cos 0 s in  0 

s in  0 cos 0 s in 2 0

w he re  J is the  Jones m a tr ix , 0 is the angle betw een the a rb itra ry  e igen- 
p o la r iz a tio n  d ire c tio n s  e m itte d  b y  the L U N A  and  the X -ax is  o f the  
fib re  as d e fined  b y  the d ire c tio n  o f the  g ra tin g  t i lt .  T h is  transm iss ion  
extracts the X (P -po la rized ) and  Y (S -po la rized ) transm iss ion  spectra. 
The ang le  is fo u n d  by  v a ry in g  the  va lue  o f 0 and  lo o k in g  fo r the 
m a x im u m  w ave leng th  separa tion  betw een a p a ir  S and  P resonances 
w ith in  a spectra l w in d o w . F igu re  26 show s the recorded change o f 
the  c la d d in g  m ode  response o f one p a ir  o f o r th o g o n a lly  p o la rize d  
resonances fo r  23 subsequent d ip p in g  cycles fo r  the Sam ple 1. The 
SEM  im ages in  F ig u re  27 ob ta ine d  fo r  the  d ip  co a tin g  process show  
the ra n d o m  o r ie n ta tio n  o f the  C N T  f i lm  g ro w th  on  the  fib re  c la d d in g

4.2 A N A L Y S I S

W e are in te rested  in  the com p le te  cha rac te riza tio n  o f the  S W C N T  lay 
ers by  e x tra c tin g  th ree  param eters: the  rea l and  im a g in a ry  p a rt o f the  
in d e x  and the e v o lu tio n  o f the  average th ickness o f the C N T  layers. 
Each d ip p in g  cycle  changes the w ave leng th  p o s it io n  and the  a m p li
tu d e  o f the  c la d d in g  m odes. In  genera l, the  K ra m e rs -K ro n ig  re la tio n 
sh ip  suggests th a t the  rea l and  the  im a g in a ry  p a rts  o f  the  in d e x  o f any  
m a te ria l are coup led . H ow ever, the  dependence is ve ry  w eak fo r  w eak
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absorp tions. I t  has been show n  in  C hap te r 2 th a t since a ll c la d d in g  
m odes are s tro n g ly  g u id e d  and ca rry  v e ry  l i t t le  p o w e r in  the evanes
cent ta il, the  acqu ired  im a g in a ry  p a r t o f the  e ffective  in d e x  is lo w  
even fo r  h ig h ly  abso rp tive  hom ogeneous o u te r m ate ria l. M oreover, 
in  o u r  case, the C N T  layers are expected to  be ve ry  th in  and m uch  
sm a lle r than  the w ave leng th  o f lig h t; thus  each m ode  e ffe c tive ly  in te r 
rogates a com pos ite  C N T -a ir  s truc tu re . U n d e r these circum stances i t  
is reasonable to  expect th a t the e ffective  im a g in a ry  p a r t o f the  g u id e d  
m odes is weak. For the pu rpose  o f th is  ana lys is  w e  ig n o re  the effect 
o f the im a g in a ry  p a r t w h ile  t ry in g  to  ex trac t the  rea l p a rt o f the  in d e x  
and the  th ickness o f the  C N T  layer. O nce w e  d e te rm in e  these tw o  pa
ram eters w e proceed to  ex trac t the  im a g in a ry  p a rt o f the in d e x  o f  the 
C N T  layer.

The rea l p a rt o f the  index  is re la ted  to  the  abso lu te  w ave leng th  
s h ift o f a resonance. The B ragg m ode  is g u id e d  b y  the co re -c la d d in g  
b o u n d a ry  and  is n o t p e rtu rb e d  b y  the o u ts id e  in d e x  change. M o re 
over, the  c la d d in g  m ode  resonances and the  B ragg resonance have 
s im ila r  se n s itiv itie s  to  the  tem pe ra tu re  change and  to  a n y  u n d u e  l in 
ear stress. Hence we use the Bragg resonance as in te rn a l reference 
and m easure the  re la tive  s h ift o f the  c la d d in g  m ode  resonances w ith  
respect to  the B ragg resonance to  cancel a ll u n d u e  e n v iro n m e n ta l 
effects [39J. The  F igu re  28 also show s the ca lcu la ted  d isp e rs io n  com 
pensated p a r t ia l transm iss ion  spec trum  fo r  the  resonances o f in te rest. 
T h is  response is ca lcu la ted  us ing  the th ree  laye r m o d e l presented in  
the p re v io u s  chapters. H ere, w e p resent the  ana lys is  o f tw o  samples. 
We p repa re  sam ple  1 b y  23 d ip p in g  cycles and  sam ple  2 b y  10 d ip p in g  
cycles.

From  the three laye r m ode l w e  can f in d  the effective  g u id e  in 
dexes o f the  c o n s titu tive  m odes o f these tw o  resonances o f in terest. 
The choice o f these tw o  m odes is n o t co m p le te ly  a rb itra ry . We have 
show n  in  the p re v io u s  chap te r th a t in  the  TFBG transm iss ion  spec
tru m  even o rd e r a z im u th a l m odes and o d d  o rd e r a z im u th a l m odes 
fo rm  a lte rn a tin g  resonances. W e chose these tw o  p a irs  since o u r  ana l
ys is  show s these tw o  p a irs  are fo rm e d  b y  the  even o rd e r m odes in 
c lude  1 =  0 m odes, i.e. TEom fo r  the  S -po la rized  case and T M o m 
fo r  the  P -po la rized  case. The u n p e rtu rb e d  e ffective  g u id e  indexes 
are 1.41699 (T M 0m ), 1.4709 (TE0m) fo r  the  Resi and  1.40077(T M Om), 
1.40094(TEom) fo r  the  Res2- Since the  a n a ly tica l expressions are con
s ide rab ly  s im p le r fo r  the  transverse m odes, o u r choice s im p lif ie s  the 
subsequent ca lcu la tions.

We ca lcu la te  the e v o lu tio n  o f these resonances u s in g  the  th ree  layer 
m ode l presented in  the p re v io u s  chapter. By f i t t in g  the e xpe rim en ta l 
data  to  the  th ree  layer s tru c tu re  w e f in d  the g u id e  in d e x  o f the  trans
verse m odes. W e take m a te ria l d isp e rs io n  in to  account and  use the 
S e llm e ie r d isp e rs io n  re la tio n  deve loped b y  James F lem ing  in  Ref. [80]. 
A  m o le  fra c tio n  o f .044% o f GeC>2. g ives exce llen t agreem ent w ith
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Figure 2 8 : W e m easure the relative position o f the cladd ing  m ode resonance 
(6 A) w.r.t. the Bragg. Resi and Res2  are the tw o  orthogonally  po
larized  pairs o f resonances o f interest. A ll three spectra are for 
fibre w ith  4° TFB G  in a ir w ith  no C N T .
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Figure 2 9 : The evolution o f the cladd ing  m ode resonance wavelength posi
tion for Resi and Res2  fo r the orthogonal polarization . The po 
sitions are n orm alized  to the Bragg and to their corresponding  
in itia l unperturbed position.
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Figure 3 0 : F igure shows the tw o solution points fo r the first tw o  d ip p in g  
cycles o f the Sam ple 2. Each line corresponds to m an y solutions 
of the index-thickness pairs that have equal perturbative effect on 
the P- and S-polarized m odes, TEom and T M o m respectively. The  
intersection o f tw o lines fo r each step gives the desired solution.

the  exp e rim e n ta l response o f the  TFBG. The o th e r f ib re  param eters 
are: fo r  A =  1586n m  n j  =  1.4502, n2 =  1.44359, n ef f Core =  1.44683 
and fo r  A — 1560 n m  n i  =  1.45051, n2 =  1.4439, the core rad ius  
a l =  4.1 pm , and  the c la d d in g  ra d iu s  a 2 =  62.5pm . F rom  th is  three 
layer m o d e l fro m  the Resi we can re a d ily  f in d  the  w ave leng th  loca
tio n  and g u id e  in d e x  o f  each m ode. For a n o n - tr iv ia l s o lu tio n  to  exist, 
same m ode  e ffective  in d e x  m us t a lso be a s o lu tio n  o f the  co rrespond 
in g  fo u r  layer s truc tu re : core, c la d d in g , S W C N T  layer, and  air. N o w  
fo r  each p o la r iz a tio n , u s in g  the e igenva lue  equa tio n  o f the fo u r  layer 
s truc tu re , and  the w ave leng th  and m ode  g u id e  in d e x  ob ta ine d  fro m  
the three layer s truc tu re , w e seek fo r  a p a ir  o f s o lu tio n  co n ta in in g  
the th ickness and the in d e x  o f the C N T  layer. T h is  g ives us a p a ir  o f 
hype rbo las  c o n ta in in g  a ll com b ina tion s  o f  s o lu tio n  fo r  b o th  P- and 
S -po la rized  cases. The in te rsec tion  o f these tw o  parabo las g ive  us the 
in d e x  and  th ickness va lue  o f the C N T  layer fo r  w h ic h  d isp e rs io n  equa
t io n  fo r  b o th  p o la r iz a tio n  sa tis fy  a t the w ave leng th  o f in terest. F igu re  
30 show s the f irs t  tw o  so lu tio n  po in ts . F igu re  31 sum m arizes  the re 
su lt. A t  lo w  th ickness the index  show s anom a lous behav iou r, how ever 
the in d e x  q u ic k ly  goes d o w n  and  stab ilizes (Sam ple 1). I t  is im p o rta n t 
here to  no te  th a t since o u r  g ra tin g s  are o f  1cm  in  le n g th  and  the  fact 
th a t the TFBG response a llo w s  d is tr ib u te d  sensing over the  le n g th  o f 
the  g ra tings , hence the th ickness and  the in d e x  th a t w e ex trac t are av
erage estim ates over the  le n g th  o f 1 cm . There fo re  the va lues ob ta ined  
fo r the sm a ll num be rs  o f d ip p in g  cycles a c tu a lly  represent an average 
index  fo r  a ve ry  sparse d is tr ib u t io n  o f CNTs. O u r  extracted in d e x  va l-
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Figure 3 1 : Index grows linearly  as a function  of d ip p in g  cycle (a). Real part 
o f index shows anom alous behaviour at low  thickness, how ever 
quickly  stabilizes to a b u lk  index
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ues are w ith in  the  range o f the  va lues re po rted  e lsew here in  lite ra tu re . 
S y lva in  et. al. in  the  ref. [59] ve ry  recen tly  ( in  2012) re p o rte d  a va lue  
o f the  rea l p a rt o f the  in d e x  over 1.4 a ro u n d  1550n m  fo r  ra n d o m ly  
o rie n te d  C N T  depos ited  on  a p la n a r substrate. The in d e x  o f the  C N T  
layer necessarily  depends on  the  p ack ing  d e n s ity  o f  tubes and the 
im p u r ity  concen tra tion . A c c o rd in g  to  o u r  kn o w le d g e  the o n ly  o the r 
re po rted  e ffo r t in  m easu ring  the  in d e x  o f the  S W C N T  was done  by  
A rcos  et al. as re po rted  in  the re f [58]. H o w e ve r they  m easured the 
real p a rt o f the  in d e x  o f h ig h ly  a lig n e d  S W C N T  layer g ro w n  o n  the Si 
w a fe r u s in g  the chem ica l v a p o u r d e p o s itio n  techn ique . They repo rted  
an e ffective  in d e x  u s in g  the B ruggem an a p p ro x im a tio n  fo r  a lo w  den 
s ity  C N T  fo rest on  the Si substrate and  fo u n d  the  in d e x  to  be close to 
1.1. By c o n tro llin g  the d e n s ity  o f v e rtic a lly  a lig n e d  M u lt i-w a ll  C a rbon  
N ano tubes  Shi et. al. show ed th a t the  rea l p a r t o f the  index  can be as 
sm a ll as 1.0 [81].

O nce the rea l p a r t and  the  th ickness are extracted  w e can eas ily  cal
cu la te  the  im a g in a ry  p a r t o f the  index . A  n u m b e r o f techn iques ex is t 
fo r  th is  pu rpose . We a d o p t the  g ro u p  in d e x  m e th o d  as genera lized  b y  
Q in g  e t al. in  ref. [82, 83]. They have show n  th a t the  b u lk  abso rp tion  
co e ffic ie n t o f a th in  layer and  the im a g in a ry  p a r t o f the  com p lex  index  
o f the  g u id e d  m ode  are re la ted  th ro u g h  the  fo llo w in g  re la tio n

I m [ u ef f j  =  I t n [ n c N T ] ^ ^ - F c N T  (4 -2 -1)
T i c  N  T

w here  n y is the  g ro u p  in d e x  o f the  m ode  in  the  C N T  layer and  Fc n t  
is the  fra c tio n  o f the  to ta l pow er, i.e. m a g n itu d e  o f  the P o yn tin g  vec
tor, in  the  C N T  layer, n ef f  is the  m o d a l e ffective  in d e x  and  n c n t  is 
the nanotubes index. The g ro u p  in d e x  is the ra tio  betw een the  speed 
o f l ig h t  and  the  g ro u p  ve loc ity . The g ro u p  v e lo c ity  o f a m ode  in  a 
p a r t ic u la r  layer is the ra tio  o f the  m o d a l p o w e r to  the to ta l stored 
energy, e lec tric  and m agnetic , p e r u n it  le n g th  o f the  w avegu id e  layer 
[76]. F ib re  is n o t h ig h ly  d ispers ive ; m oreover, each set o f m o d a l reso
nances are q u ite  n a rro w  and hence w e can lo c a lly  ig n o re  the  effect o f 
the d ispe rs ion . The g ro u p  in d e x  o f the  m ode  in  the C N T  layer then  is 
[76]

J* Ec n t  x  H ^pgy.zdA

T i g , C N T  =  T l e f f — -------------  — -— -  (4.2.2)
J n c N T ECNT x  H£-N T.zdA

C N T

N o w  by  k n o w in g  the I m [ n ef f ]  o f  the g u id e d  m ode  o f in te res t we 
can use equa tions (4.2.2) and  (4.2.1) to  re a d ily  f in d  the Im [n cn t ] .  In  
chap te r 2 w e  have sh o w n  tha t, away fro m  the c u to ff co n d itio n s , the 
loss co e ffic ien t o f a m ode  due  to  lossy o u te r m e d iu m  depends p r im a r
i ly  on  the real p a r t o f the  m o d a l g u id e  index . Since the co n s titu tive
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m odes o f each resonance are n e a rly  degenerate, the  e ffective  m o d a l 
loss coe ffic ien t, i.e. the  im a g in a ry  p a r t o f the  g u id e  in d e x  can be eas ily  
estim ated  fro m  the transm iss ion  d e p th  o f the  resonances. A lth o u g h  
we have sh o w n  th a t the  c o u p lin g  coe ffic ien t changes and  also reso
nance a m p litu d e  m ay change p u re ly  due  to  the  change in  the in d e x  
o f the  o u te r m e d iu m , fo r  a 4 ° g ra tin g  such changes are m in o r; and  as 
a f irs t p r in c ip le  a p p ro x im a tio n  w e  ig n o re  th is  sub tle  effect. Hence we 
are able to  re a d ily  ca lcu la te  the  e ffective  im a g in a ry  p a rt o f the  m odes 
us ing  the  a n a ly tica l s o lu tio n  o f the  s im p le  tw o  m ode  c o u p lin g  equa
tio n . In  the presence o f  loss, the  coup le  m ode  equa tio n  in  equa tio n  
(3.2.1) can be m o d ifie d  w ith  a s im p le  loss te rm  [84, 85]. The va lue  o f 
the  m in im u m  lin e a r transm iss ion  a t the  g ra tin g  assisted phase m a tch 
in g  w ave leng th  fo r  1 cm  lo n g  g ra tin g  can be expressed as:

t  I Voc2 +  4 k2 (cosh - f } - f  s in h  f  ^   ̂ ^ ^

\Zoc2 4- 4 k2 cosh 0.5 \/cx2 +  4 k2 +  <xsinh0.5 \ / a ^  + 4 k^

Since w e assum e the c o u p lin g  coe ffic ien t k to  be constan t, fro m  the 
g ra tin g  transm iss ion  w e  can re a d ily  ca lcu la te  the loss coe ffic ien t. For 
th is  pu rp o se  w e use the  va lues ob ta ine d  fro m  Resonance2 (F igu re  
28). We p resen t the  re su lt o f th is  ca lcu la tio n  in  F igu re  32. F in a lly  w e 
present the th ickness vs. the  to ta l com p lex  in d e x  in  F igu re  33.

I t  is  n o t poss ib le  to  se lective ly  g ro w  one typ e  o f nano tube  o f the 
same c h ira lity  [10]. Hence, o u r  sam ple  is a m ix tu re  o f sem iconduc t
in g  and  m e ta llic  nano tube  o f m a n y  k in d s  and  w ith  ce rta in  a m o u n t 
o f im p u r it ie s . For any  m ix tu re  o f nanotubes, the  e ffective  o p tica l re 
sponse depends on  the d is tr ib u t io n  o f the  nano tubes ' d ia m e te r in  
the m ix tu re . The m ean d iam e te r o f o u r  sam ple  is a round  1 n m . D ue 
to  the extrem e s tru c tu ra l a n iso tro p y  o f  the  C N T  (le n g th  to  d ia m e 
te r ra tio ) i t  is  expected th a t nanotubes e xh ib its  h ig h  a n iso tro p y  [54]. 
H ig h  a n iso tro p y  in  a b so rp tio n  has been re p o rte d  by  a lo t o f s tud ies 
[55, 56, 58, 86]. In  2012 Ren et. al. e xp lo ite d  the  h ig h  p o la r iz a tio n  
depen den t a b so rp tio n  a n iso tro p y  o f carbon nanotubes b y  d e s ig n in g  
a h ig h  q u a lity  p o la r iz e r [87]. H ow ever, in  a ll o f these cases, the  car
bon  nanotubes w ere  h ig h ly  a ligned . In  o u r  sam ple  the ca rbon  nan
otubes are ra n d o m ly  o rie n te d  and  - as one w o u ld  expect and  as is 
co n firm e d  b y  o u r  exp e rim e n ta l ev idence - the  nano tube  f ilm s  show  
no  a n iso tro p y  in  the  rea l p a rt o f the  index. H ence o u r  re su lt o f  h ig h  
p o la r iz a tio n  depen den t a b so rp tio n  a n iso tro p y  is ve ry  s u rp r is in g . In  
fact, F igu re  33 show s th a t a t h ig h  enoug h  th ickness th is  a n iso tro p y  a l
m ost d isappears. We fo u n d  no re p o rte d  case o f such b e h a v io u r in  any 
e x is tin g  lite ra tu re . M oreover, S. Yam ashita, a p ionee r in  the  fie ld  o f 
carbon nano tube  op tics , has ca tego rica lly  in d ica te d  the  non-existence 
o f the  a b so rp tio n  a n iso tro p y  in  a ra n d o m  C N T  f i lm  in  a ve ry  recent 
re v ie w  pape r [10]. T h is  is expected, since h ig h  an iso tro p y  in  abso rp 
tio n  w o u ld  a lso m ean h ig h  a n iso tro p y  in  p rop a g a tio n . H ow ever, the 
repo rted  th ickness o f m o s t C N T  th in - f i lm  op tics , ra n d o m  o r no t, are
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on  the o rd e r o f 1 (rm. O u r  resu lts  in  h ig h  th ickness l im i t  (>  150u m ), 
n o tw ith s ta n d in g  the v a r ia tio n  o f p a ck in g  d e n s ity  and  ch ira lity , c le a rly  
agree w ith  a ll repo rted  m easurem ents [59].

I t  is b e fit t in g  to  m e n tio n  here  tha t, in  2011 Bao et al. re p o rte d  an in 
fib re  b roadba nd  TE-pass p o la r iz e r u s in g  a fe w  layers o f g raphene,the  
fu n d a m e n ta l c o n s titu tive  s tru c tu re  o f  nanotube, depos ited  on  the  fla t 
s ide  o f a D -Shaped fib re  [88]. They conc lude d  th a t the  p o la r iz a tio n  
effect is the  m an ife s ta tio n  o f the h ig h  p o la r iz a tio n  depen den t a ttenua 
tio n  and  re po rted  an e x tin c tio n  ra tio  o f 27dB. W e a lso no te  tha t the  iso 
la ted  se m ico n d u c tin g  carbon nano tube  e xh ib its  pho to -lum inescence , 
an effect d ire c tly  re la ted  to  the a b so rp tio n  response o f the  C N T , and 
show s a s tro n g  q u e n ch in g  e ffect fo r  the  b u n d le d  case d u e  to  the ra p id  
charge trans fe r m echan ism  betw een se m ico n d u c tin g  and the m e ta llic  
nano tube  [3 ,1 0 ]. These re p o rte d  resu lts  p o in t to  the  fact th a t the  o p t i
ca l p ro p e rty  o f a ve ry  th ic k  nano tube  f i lm  can be d if fe re n t th a n  a th in  
f i lm  o f nanom etre  scale



C O N C L U S I O N
5

In  th is  thesis w e have presented tw o  key resu lts : firs t, w e have theo re t
ic a lly  sh o w n  th a t by  p rec ise ly  c o n tro llin g  the  lin e a r vecto r o r ie n ta tio n  
o f the  core m ode  w ith  respect to  the g ra tin g  t i l t ,  we can excite  one o f 
the tw o  p o la r iz a tio n  types o f c la d d in g  m odes. P -po la rized  core m ode  
coup les p r im a r i ly  to  the  o d d  E H tm and  T M o m m odes w hereas S- 
p o la rize d  core m ode  coup les to  the  even H E lm  and  TEom m odes. We 
have fu r th e r  sh o w n  th a t apa rt fro m  the  few  lo w  ra d ia l o rd e r m odes, 
the  rest o f  the  E H tm m odes can be a p p ro x im a te d  as ra d ia lly  p o la r
ized  and  H E Vm m odes as a z im u th a lly  p o la r ize d  w ith  respect to  the 
c la d d in g  bound a ry . In  the transm iss ion  spectra th is  p o la r iz a tio n  de 
pende n t c o u p lin g  m echan ism  m an ifes ts  as sp e c tra lly  w e ll separated 
resonances.

Second, w e  have used the  p o la r iz a tio n  depen den t m ode l o f TFBG 
to  co m p le te ly  characterize  the laye r b y  layer g ro w th  o f the S W C N T  
th in  f i lm  on  the c la d d in g  o f the  fib re . In te re s tin g ly , w e  have fo u n d  th a t 
the  th in  f i lm  m ade o f ra n d o m ly  o rie n te d  SW CNTs, coun te r in tu it iv e ly , 
e x h ib it s trong  p o la r iz a tio n  depen den t loss, a lth o u g h  w e have n o t ob 
served any  b ire fringence . We have sh o w n  th a t the  th ickness g ro w s  
linearly . The va lues o f the  o p tic a l constants w e have ob ta ine d  m atches 
ve ry  w e ll w ith  a ll the  repo rted  s tud ies  a p a rt fro m  one s ig n ific a n t d e v i
a tion  and  th a t is the  s trong  p o la r iz a tio n  depen den t loss observed fo r  
f i lm  th ickness less than  50 n m . We have show n  th a t b e lo w  th is  th ic k 
ness ra d ia lly  p o la r ize d  T M o m and E H lm  c la d d in g  m odes experience 
loss w h ic h  is a coup le  o f tim es h ig h e r th a n  the loss experienced by 
the a z im u th a lly  p o la r ize d  TEom , and  H E tm m odes. T h is  is  the  f irs t 
ever exp e rim e n ta l d e m o n s tra tio n  o f the  a b so rp tio n  a n iso tro p y  in  the 
ra n d o m ly  o rien ted  S W C N T  th in  f ilm .

I t  is im p o rta n t to  note  th a t the  va lue  o f the  o p tica l constants ob 
ta ined  are average va lues over the  le n g th  o f  the TFBG. O ne can read
i ly  th in k  o f ano the r e xp e rim e n t u s in g  a m u lt im o d e  D -shaped  fib re  
o r a p la n a r w avegu id e  to  fu r th e r  s tu d y  the p o la r iz a tio n  depen den t 
a b so rp tio n  p ro p e rty  w ith o u t  the  presence o f  the  g ra tin g s  to  test the 
u p p e r l im i t  o f the an iso tropy. For th is  pu rp o se  w e m ay also need to 
s low  d o w n  the g ro w th  rate, i.e. th ickness in  each d ip p in g  cycle, o f 
the C N T  f ilm . We have no ted  th a t the  b roadba nd  TE pass p o la r iz e r 
us ing  a few  layers o f g raphene re p o rte d  b y  Bao e t al. [88] is an im 
p o rta n t w o rk  in  th is  respect. We no te  th a t the  key d iffe rence  betw een 
the g raphene and  the SW C N T, w h ic h  e xh ib its  a lm os t a ll exceptiona l 
p rope rtie s  o f the  m ono laye r graphene, is p r im a r i ly  due  to  the a d d i
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t io n a l q u a n tiz a tio n  a r is in g  fro m  the con finem en t o f the  e lec tron  in  the 
c ircum fe rence  o f the  nanotubes [10].

We have m en tioned  th a t w e  are in te rested  in  e x p lo it in g  the  excep
tio n a l o p tica l n o n lin e a r p rope rtie s  o f  the  SW C N T. M em bers  o f o u r 
g ro u p  have p re v io u s ly  show n  th a t TFBG can be used fo r  the  p las- 
m on ic  e xc ita tio n  on  the g o ld  surface [89]. I t  has recen tly  been re
p o rte d  th a t the  in te g ra tio n  o f  the carbon nanotubes w ith  the p las- 
m o n ic  m etam ate ria ls  increases the  o p tica l n o n lin e a r ity  b y  an o rd e r 
o f m a g n itu d e  due  to  the resonan t p lasm on -exc ito n  in te rac tions  [90]. 
Researchers have w id e ly  re po rted  enhancem ent o f the  n o n lin e a r p ro 
cesses in  p lasm on ic  com pos ite  s tru c tu re  m ade o f m eta l nanopa rtic les  
d u e  to  the nove l near f ie ld  fo cu s in g  m echanism s o f these pa rtic les  
[91-94]. There fo re , i t  c o u ld  be o f h ig h  in te res t to  s tu d y  the  b a h a v io u r 
o f the  m e ta l- nano tube  com pos ite  s tru c tu re  fo r  n o n lin e a r o p tica l ap 
p lica tions .



B I B L I O G R A P H Y

[1] S. I ij im a , "H e lic a l m ic ro tu b u le s  o f g ra p h it ic  ca rbon ," Nature, 
vo l. 354, pp . 56-58, 1991.

[2] S. I ij im a  and T. Ich ihash i, "S ing le -she ll ca rbo  nanotubes o f l- n m  
d ia m e te r,"  Nature, vo l. 363, pp . 603-605, 1993.

[3] P. A v o u r is , M . F re itag, and  V. Perebeinos, "C a rb on -nan o tube  
pho ton ics  and o p toe le c tro n ics ," Nature Photonics, vo l. 2, pp . 341- 
350, June 2008.

[4 ] A . Javey, J. G uo , Q. W ang, M . L u n d s tro m , and H . D a i, "B a l
lis t ic  carbon nano tube  fie ld -e ffe c t tra n s is to rs .," Nature, vo l. 424, 
pp . 654-7, A ug . 2003.

[5 ] R. C hau , S. D atta , M . Doczy, B. D oy le , B. Jin, J. K ava lie ros, A . M a- 
ju m d a r, M . M e tz , and  M . R adosavljev ic , "B e n ch m a rk in g  N a n 
o techno logy  fo r Log ic  T rans is to r A p p lic a tio n s ,"  IEEE Transac
tions on Nanotechnology, vo l. 4, no. 2, pp . 153-158, 2005.

[6J A . D . F ra n k lin  and  Z . C hen, "L e n g th  sca ling  o f carbon nano tube  
trans is to rs .," Nature Nanotechnology, vo l. 5, p p . 858-62, Dec. 2010.

[7] A . D . F ra n k lin , M . Lu is ie r, S.-J. H an , G. T u le vsk i, C. M . B res lin , 
L. G ignac, M . S. L u n d s tro m , and  W. H aensch, "Sub-10 nm  car
bon  nano tube  tra n s is to r.," Nano Letters, vo l. 12, pp . 758-62, Feb. 
2012.

[8] F. W ang , G. D u ko v ic , L. E. B rus, and T. F. H e in z , "T h e  o p tica l 
resonances in  carbon nanotubes arise  fro m  exc itons .," Science, 
vo l. 308, pp . 838-41, M a y  2005.

[9] D . Y. Joh, J. K in d e r, L. H . H e rm a n , S.-Y. Ju, M . a. Segal, J. N . 
Johnson, G. K .-L . C han, and  J. Park, "S in g le -w a lle d  carbon nan 
o tubes as exc iton ic  o p tica l w ire s .,"  Nature Nanotechnology, vo l. 6, 
p p . 51-6, Jan. 2011.

[10] S. Yam ashita , " A  tu to r ia l on  n o n lin e a r p h o to n ic  a p p lica tio n s  o f 
carbon nano tube  and g raphen e ," Journal o f Lightwave Technology, 
vo l. 30, no. 4, pp . 427-447, 2012.

[ n j  R. W. Boyd, Nonlinear optics. A cadem ic  Press, 2003.

[12] Y. Sakakibara , A . G. R ozh in , H . K a tau ra , Y. A ch iba , and  M . Toku- 
m o to , "C a rb o n  n a n o tu b e -p o ly (v in y la lc o h o l) nanocom pos ite  f i lm  
devices: a p p lica tio n s  fo r  fem tosecond fib e r laser m ode  lockers 
and  o p tica l a m p lif ie r  noise suppressors ," Japanese Journal o f A p
plied Physics, vo l. 44, pp . 1621-1625, A p r. 2005.

67



B I B L I O G R A P H Y

[13] S. Set, H . Y aguch i, Y. Tanaka, and  M . Jab lonski, "Lase r m ode  
lo c k in g  u s in g  a saturab le  absorber in c o rp o ra tin g  ca rbon  n a n 
o tubes ," Journal o f Lightwave Technology, vo l. 22, p p . 51-56, Jan. 
2004.

[14] S. Set, H . Y aguch i, Y. Tanaka, and M . Jab lonski, "U ltra fa s t f ib e r 
pu lse d  lasers in c o rp o ra tin g  carbon nano tubes,"  IEEE Journal o f 
Selected Topics in Quantum Electronics, vo l. 10, pp . 137-146, Jan.
2004.

[15] T. S ch ib li, K . M in o s h im a , H . K a tau ra , E. Itoga , N . M in a m i, 
S. K azaou i, K . M iya sh ita , M . T okum oto , and Y. Sakakibara , " U l 
tra sh o rt pu lse -gen e ra tion  b y  sa tu rab le  absorber m ir ro rs  based on  
p o lym e r-e m b e d d e d  carbon nano tubes.," Optics Express, vo l. 13, 
pp . 8025-31, O ct. 2005.

[16] F. W ang , a. G. R ozh in , V. Scardaci, Z . Sun, F. H e n n rich , I. H . 
W h ite , W. I. M iln e , and  a. C. F erra ri, "W id e b and -tun eab le , nan 
o tube  m ode-locked , f ib re  laser.," Nature Nanotechnology, vo l. 3, 
pp . 738-42, Dec. 2008.

[17] Z . Sun, T. H asan, F. W ang , A . G. R ozh in , I. H . W h ite , and  A . C. 
Ferra ri, "U ltra fa s t s tre tched-pu lse  fib e r laser m ode-locked  by  car
bon  nano tubes ," Nano Research, vo l. 3, pp . 404-411, M a y  2010.

[18] A . M a rtin e z  and  S. Yam ashita, "M u lt i-g ig a h e r tz  re p e tit io n  ra te  
pass ive ly  m ode locked  fib e r lasers us ing  ca rbon  nano tubes ," Op
tics Express, vo l. 19, no. 7, pp . 21350-21355, 2011.

[19] D .-R  Z h o u , L . W ei, B. D ong , and  W .-K. L iu , "T u n a b le  pass ive ly  
Q  -sw itch e d  e rb iu m -d o p e d  fib e r laser w ith  carbon nanotubes as 
a sa tu rab le  absorber," IEEE Photonics Technology Letters, vo l. 22, 
no. 1, pp . 9 -11, 2010.

[20] K . K . C how , M . T su ji, and  S. Yam ashita, "S in g le -w a lle d  carbon- 
nano tube -depos ited  tapered  fib e r fo r  fo u r-w a ve  m ix in g  based 
w ave leng th  co n ve rs io n ," Applied Physics Letters, vo l. 96, no. 6, 
p. 061104, 2010.

[21] Y.-Z. M a , J. Stenger, J. Z im m e rm a n n , S. M . Bach ilo , R. E. Smalley, 
R. B. W eism an, and  G. R. F lem ing , "U ltra fa s t ca rr ie r dynam ics  
in  s in g le -w a lle d  carbon nanotubes p robed  b y  fem tosecond spec
troscopy.," The Journal o f chemical physics, vo l. 120, pp . 3368-73, 
Feb. 2004.

[22] K. K. C how , S. Y am ash ita , and  Y. W. Song, " A  w id e ly  tunab le  
w ave leng th  conve rte r based on n o n lin e a r p o la r iz a tio n  ro ta tio n  
in  a ca rbon-nano tube-depos ited  D -shaped fib e r.,"  Optics Express, 
vo l. 17, pp . 7664-9, A p r. 2009.



B I B L I O G R A P H Y

[23] Y. Song, S. Set, and  S. Yam ashita, "N o v e l K e rr  sh u tte r u s in g  car
bon  nanotubes depos ited  o n to  a 5-cm  D -shaped f ib e r,"  in  Confer
ence on Lasers and Electro-Optics, vo l. 1, pp . 5-6 , O p tica l Socie ty 
o f A m erica , 2006.

[24] S. Y. R yu , K.-S. K im , J. K im , and  S. K im , "D e g ra d a tio n  o f o p tica l 
p rope rties  o f a f ilm - ty p e  s in g le -w a ll ca rbon nanotubes sa tu rab le  
absorber (SW N T-S A ) w ith  an E r-doped  a ll- f ib e r laser.," Optics 
Express, vo l. 20, pp . 12966-74, June 2012.

[25] G. V illanueva , M . Jakub inek, B. S im ard , C. O ton , J. M a tres , 
L. Shao, P. Perez M ilM n , and  J. A lb e rt, "L in e a r and  n o n lin e a r 
op tica l p ro p e rtie s  o f carbon nanotube-coa ted  s ing le -m ode  o p t i
cal f ib e r g ra tin g s ,"  Optics Letters, vo l. 36, no. 11, pp . 2104-2106, 
2011.

[26] L.-Y. Shao, M . B. Jakub inek, T. Sun, B. S im ard , and  J. A lb e r t, 
"F o u r-w ave  m ix in g  in  ca rbon  nanotube-coa ted  o p tica l f ib e r g ra t
in g s ," Applied Physics Letters, vo l. 100, no. 7, p. 071108, 2012.

[27] K. H i l l  and  G. M e ltz , "F ib e r B ragg g ra tin g  techno lo gy  fu n d a m e n 
ta ls and o v e rv ie w ,"  Journal o f Lightwave Technology, vo l. 15, no. 8, 
pp . 1263-1276, 1997.

[28] K. O. H i l l ,  B. M a lo , F. B ilodeau , D . C. Johnson, and  J. A lb e r t, 
"B ragg  g ra tin g s  fab rica ted  in  m onom ode  pho tosens itive  o p tica l 
fib e r b y  U V  exposure  th ro u g h  a phase m ask ," Applied Physics 
Letters, vo l. 62, no. 10, p. 1035, 1993.

[29] K. O . H i l l ,  Y. F u jii, D . C. Johnson, and  B. S. K aw asaki, "P h o to 
s e n s it iv ity  in  o p tica l f ib e r w aveguides: A p p lic a tio n  to  re fle c tio n  
f i lte r  fa b ric a tio n ,"  Applied Physics Letters, vo l. 32, no. 10, p. 647, 
1978.

[30] G. M e ltz , W. W. M orey, and  W. H . G lenn , "F o rm a tio n  o f B ragg 
g ra tin g s  in  o p tica l fibers  b y  a transverse h o lo g ra p h ic  m e th o d .,"  
Optics Letters, vo l. 14, pp. 823-5, A ug . 1989.

[31] T. E rdogan and  J. E. Sipe, "T ilte d  fib e r phase g ra tin g s ," Journal o f 
the Optical Society o f America A , vo l. 13, p. 296, Feb. 1996.

[32] R. Kashyap, R. W ya tt, and  R. J. C am pbe ll, "W id e b a n d  ga in  f la t
tened e rb iu m  fib re  a m p lif ie r  u s in g  a pho tosens itive  fib re  b lazed 
g ra tin g ,"  Electronics Letters, vo l. 29, no. 2, pp . 154-156, 1993.

[33] I. R ian t, L. Gasca, P. Sansonetti, G. B ou rre t, and  J. Chesnoy, "G a in  
e q u a liza tio n  w ith  o p tim iz e d  s lan ted  B ragg g ra tin g  on  adap ted  f i 
b re  fo r  m u ltich a n n e l lo n g -h a u l subm arine  tra n sm iss io n ," in  Op
tical Fiber Communication Conference, 1999, and the International 
Conference on Integrated Optics and Optical Fiber Communication. 
OFC/IOOC  '99. Technical Digest, vo l. 3, pp . 147-149, 1999.



B I B L I O G R A P H Y

[34] K . Z h o u , X. Chert, and  L. Z hang , " H ig h  e x tin c tio n  ra t io  in - f ib e r  
p o la r iz e r based on  a 4 5 °-tilte d  fib e r B ragg g ra tin g ,"  Optics Letters, 
vo l. 30, no. 11, pp . 1285-1287, 2005.

[35] K . S. Lee and T. E rdogan , "F ib e r m ode  conve rs ion  w ith  t ilte d  
g ra tin g s  in  an o p tica l fib e r,"  Journal o f the Optical Society o f Amer
ica. A , vo l. 18, pp . 1176-85, M a y  2001.

[36] K . Feder, P. W estbrook, J. G in g , P. Reyes, and  G. C arver, " In - f ib e r  
spectrom ete r u s in g  t i lte d  fib e r g ra tin g s ,"  IEEE Photonics Technol
ogy Letters, vo l. 15, pp . 933-935, Ju ly  2003.

[37] G. L a ffo n t and P. F e rd inand , "T ilte d  sh o rt-p e rio d  fib re -B ragg - 
g ra tin g -in d u ce d  c o u p lin g  to  c la d d in g  m odes fo r  accurate re frac- 
to m e try ,"  Measurement Science and Technology, vo l. 12, pp . 765- 
770, 2001.

[38] X. C hen, K . Z h o u , L. Z hang , and I. Benn ion , "O p tic a l chem sensor 
based on  etched t ilte d  B ragg g ra tin g  s truc tu res  in  m u lt im o d e  
f ib e r,"  IEEE Photonics Technology Letters, vo l. 17, no. 4, pp . 864 
866, 2005.

[39] C.-F. C han, C. Chen, A . Jafari, A . Laronche , D . J. T h o m 
son, and  J. A lb e r t,  "O p tic a l fib e r re frac tom e te r u s in g  n a rro w 
band c la d d in g -m o d e  resonance sh ifts .,"  Applied Optics, vo l. 46, 
p p . 1142-9, M ar. 2007.

[40] L.-Y. Shao, A . Laronche, M . Sm ietana, P. M ik u lic ,  W . J. Bock, and  
J. A lb e r t, " H ig h ly  sensitive  bend sensor w ith  h y b r id  lo n g -p e rio d  
and  t i lte d  fib e r B ragg g ra tin g ,"  Optics Communications, vo l. 283, 
p p . 2690-2694, Ju ly  2010.

[41J L.-Y. Shao and  J. A lb e rt, "C o m p a c t fib e r-o p tic  vec to r in c lin o m e 
te r.," Optics Letters, vo l. 35, pp . 1034-6, A p r. 2010.

[42J T. G uo , L. Shao, H.-Y. Tam , P. A . K ru g , and  J. A lb e rt, "T ilte d  fib e r 
g ra tin g  accelerom eter in c o rp o ra tin g  an a b ru p t b ico n ica l tape r fo r  
c la d d in g  to  core re c o u p lin g ,"  Optics Express, vo l. 17, pp . 20651- 
bo, N ov. 2009.

[43] T. A lls o p , M . D ubov, and  A . M a rtin e z , "L o n g  p e r io d  g ra tin g  d i 
re c tio n a l bend sensor based on  asym m etric  in d e x  m o d ific a tio n  
o f c la d d in g ,"  Electronics Letters, vo l. 41, no. 2, pp . 5 -6 , 2005.

[44] T. A lls o p , R. N ea l, S. Rehm an, D. W ebb, D . M apps , and I. Ben
n io n , "G e n e ra tio n  o f in fra re d  surface p la sm o n  resonances w ith  
h ig h  re frac tive  in d e x  s e n s it iv ity  u t i l iz in g  t ilte d  f ib e r B ragg g ra t
in g s ,"  Applied Optics, vo l. 46, no. 22, pp . 5456-5460, 2007.

[45] Y. Shevchenko, C. Chen, M . D akka , and J. A lb e rt, "P o la r iz a tio n - 
selective g ra tin g  e xc ita tio n  o f p lasm ons in  c y lin d r ic a l o p tica l 
fibe rs .," Optics Letters, vo l. 35, pp . 637-9, M ar. 2010.



B I B L I O G R A P H Y

[46] A . B ia liayeu , C. Caucheteur, N . A ham ad , A . Ia n o u l, and  J. A lb e r t, 
"S e lf-o p tim iz e d  m eta l coa tings fo r  f ib e r p lasm on ics  b y  electro less 
d e p o s itio n .,"  Optics Express, vo l. 19, pp. 18742-53, Sept. 2011.

[47] Y. L i, M . F rogga tt, and T. E rdogan , "V o lu m e  cu rre n t m e th o d  fo r  
ana lys is  o f t i l te d  fib e r g ra tin g s ,"  IEEE Journal o f Lightwave Tech
nology, vo l. 19, no. 10, pp . 1580-1591, 2001.

[48] Y. L i and  T. G . B row n , "R a d ia tio n  m odes and  t ilte d  fib e r g ra t
in g s ,"  Journal o f the Optical Society o f America B, vo l. 23, no. 8, 
p. 1544, 2006.

[49] L. D ong , B. O rtega , and  L. Reekie, "C o u p lin g  characte ris tics  o f 
c la d d in g  m odes in  t ilte d  o p tica l f ib e r b ragg  g ra tin g s .,"  Applied 
Optics, vo l. 37, pp . 5099-105, A u g . 1998.

[50] K . S. Lee and  T. E rdogan , "F ib e r m ode  c o u p lin g  in  tra n sm is 
sive and  re flec tive  t ilte d  f ib e r g ra tin g s .,"  Applied Optics, vo l. 39, 
pp . 1394-404, M ar. 2000.

[51] Y.-C. L u , W.-P. H u a n g , and  S.-S. Jian, " F u ll vecto r com p lex  
c o u p le d  m ode  th e o ry  fo r  t ilte d  fib e r g ra tin g s .,"  Optics Express, 
vo l. 18, p p . 713-26, Jan. 2010.

[52] H . Su, J. Ye, Z . Tang, and K. W ong , "R esonan t second-ha rm on ic  
gene ra tion  in  m onos ized  and a lig n e d  s in g le -w a lle d  carbon n a n 
o tubes ," Physical Review B, vo l. 77, pp . 1-4, M ar. 2008.

[53] H . K im , T. Sheps, P. G. C o llin s , and  E. O . Potm a, "N o n lin e a r  
o p tica l im a g in g  o f in d iv id u a l ca rbon  nanotubes w ith  fou r-w ave - 
m ix in g  m icroscopy.," Nano Letters, vo l. 9, p p . 2991-5, A ug . 2009.

[54] F. G arc ia  V id a l, J. P ita rke , and  J. Pendry, "E ffe c tive  m e d iu m  the 
o ry  o f the  o p tica l p rope rties  o f a ligned  carbon nano tubes," Phys
ical Review Letters, vo l. 78, pp . 4289-4292, June 1997.

[55] Y. M u ra k a m i, "G ro w th  o f  v e rtic a lly  a lig n e d  s in g le -w a lle d  car
bon  nano tube  f ilm s  on  q u a rtz  substra tes and  th e ir  o p tica l 
a n iso tro p y ,"  Chemical Physics Letters, vo l. 385, pp . 298-303, Feb.
2004.

[56] Y. M u ra k a m i, E. E inarsson, T. E dam ura , and  S. M a ru ya m a , "P o 
la r iz a tio n  dependence o f the o p tica l a b so rp tio n  o f s in g le -w a lle d  
ca rbon  nano tubes ," Physical Review Letters, vo l. 94, pp . 1-4 , M ar.
2005.

[57] X. J. W ang, J. D . F licker, B. J. Lee, W. J. Ready, and  Z . M . 
Z hang , "V is ib le  and n e a r-in fra re d  ra d ia tiv e  p ro p e rtie s  o f v e r t i
ca lly  a lig n e d  m u lt i-w a lle d  carbon nano tubes.," Nanotechnology, 
vo l. 20, p. 215704, M a y  2009.



B I B L I O G R A P H Y

[58] T. D . L. A rcos, P. O e lha fen , and  D. M a th ys , "O p tic a l cha rac te ri
za tio n  o f a lig n m e n t and  e ffective  re frac tive  in d e x  in  ca rbon  n a n 
o tube  f ilm s ,"  Nanotechnology, vo l. 18, p. 265706, Ju ly  2007.

[59] S. M a ine , C. K oech lin , S. Rennesson, J. Jaeck, S. S a lort, B. Chas- 
sagne, F. Pardo, J.-L. P e louard , and  R. H a id a r, "C o m p le x  o p t i
cal in d e x  o f s ing le  w a ll ca rbon  nano tube  f ilm s  fro m  the near- 
in fra re d  to  the te rahe rtz  spectra l ra n g e ./ ' Applied Optics, vo l. 51, 
pp . 3031-5, M a y  2012.

[60] C. Tsao, Optical Fibre Waveguide Analysis. O x fo rd  U n iv e rs ity  
Press, 1991.

[61] A . P. Belanov, E. D ianov, G . E zhov, "P ro p a g a tio n  o f n o rm a l 
m odes in  m u ltila y e r o p tica l w avegu ides. II. E nergy characte ris 
tics ," Soviet Journal o f Quantum Electronics, vo l. 6, no. 8, pp . 915 - 
920, 1976.

[62] A . P. Belanov, E. D ianov, G. E zhov, "P ro p a g a tio n  o f n o rm a l 
m odes in  m u ltila y e r o p tica l w avegu ides I. C o m p o n e n t fie ld s  and 
d ispe rs ion  charac te ris tics ," Soviet Journal o f Quantum Electronics, 
vo l. 6, no. 1, pp . 43-50, 1976.

[63] C. Yeh and G. L in d g re n , "C o m p u tin g  the  p ro p a g a tio n  charac
te ris tics  o f ra d ia lly  s tra tif ie d  fibers: an e ffic ie n t m e th o d ,"  Applied 
Optics, vo l. 16, no. 2, pp . 483-493, 1977.

[64] C. Tsao, D. Payne, and  W. G a m b lin g , "M o d a l characte ris tics  o f 
th ree-layered o p tica l fib e r w aveguides: a m o d ifie d  a p p roach ," 
Journal o f the Optical Society o f America A, vo l. 6, no. 4, pp . 555-563, 
1989.

[65] T. E rdogan , "C la d d in g -m o d e  resonances in  sh o rt- and  lo n g - 
p e rio d  fib e r g ra tin g  filte rs ,"  Journal o f the Optical Society o f Amer
ica A , vo l. 14, p. 1760, A ug . 1997.

[66] D. G loge, "W e a k ly  g u id in g  fibe rs .," Applied Optics, vo l. 10, 
pp. 2252-8, Oct. 1971.

[67] D. M arcuse, Theory O f Dielectric Optical Waveguides. A cadem ic  
Press, 1974.

[68] E. Snitzer, "C y lin d r ic a l d ie le c tr ic  w avegu ide  m odes ," Journal o f 
the Optical Society o f America, vo l. 51, no. 5, pp . 491-498, 1961.

[69] D. C a lve tti, G. H . G o lub , W. B. G ragg, and  L. Reichel, "C o m p u 
ta tio n  o f G auss-K ron rod  q u a d ra tu re  ru le s ,"  Mathematics o f Com
putation, vol. 69, pp . 1035-1053, Feb. 2000.

[70] A . Safaai Jazi and  G. L. Y ip , "C la ss ifica tio n  o f  h y b r id  m odes in  
c y lin d r ic a l d ie le c tr ic  o p tica l w avegu id es ," Radio Science, vo l. 12, 
no. 4, pp . 603-609, 1977.



B I B L I O G R A P H Y

[71] K . M o ris h ita , " H y b r id  m odes in  c irc u la r c y lin d r ic a l o p tica l 
fib e rs ," IEEE Transactions on Microwave Theory and Techniques, 
vo l. 31, no. 4, pp . 344-350, 1983.

[72] C. Yeh, "G u id e d -w a ve  m odes in  c y lin d r ic a l o p tica l fib e rs ," Edu
cation, IEEE Transactions on, vo l. E-30, no . 1, pp . 43-51, 1987.

[73] A . K a p o o r and  G. S ingh, "M o d e  c lass ifica tion  in  c y lin d r ic a l 
d ie le c tr ic  w avegu id es ," Journal o f Lightwave Technology, vo l. 18, 
no. 5, p. 849, 2000.

[74] V. L u c a rin i, J. Saarinen, K.-E. Pe iponen, and  E. V a rtia inen , 
Kramers-kronig relations in optical materials research, vo l. 110. 
S p ringe r Verlag, 2005.

[75] H . G n e w u ch  and  H . Renner, "M o d e -in d e p e n d e n t a tte n u a tio n  in  
evanescent-fie ld  sensors.," Applied Optics, vo l. 34, pp . 1473-83, 
M ar. 1995.

[76] A . S nyder and  J. Love, Optical Waveguide Theory. Springer, 1983.

[77] P. T ay lo r and M . H a sh im o to , "P ro p a g a tio n  o f inhom ogeneous 
waves in  c ladded  o p tica l fib re s ," International Journal o f Electron
ics Theoretical and Experimental, vo l. 46, no. 2, pp . 125-139, 1979.

[78] T. E rdogan , "C la d d in g -m o d e  resonances in  sho rt-and  long - 
p e r io d  fib e r g ra tin g  filte rs : e rra ta ," J. Opt. Soc. Am. A , vo l. 14627, 
no. 1997, p. 112113, 2000.

[79] M . B. Jakub inek, M . B. Johnson, M . A . W h ite , J. G uan, and 
B. S im ard , "N o v e l m e th o d  to  p ro d u ce  s in g le -w a lle d  ca rbon  nan
o tube  f ilm s  and th e ir  th e rm a l and  e lec trica l p ro p e rtie s ,"  Journal 
o f Nanoscience and Nanotechnology, vo l. 10, pp . 8151-8157, Dec.
2010.

[80] J. W. F lem ing , "D isp e rs io n  in  GeC>2 -SiC>2 glasses," Applied Op
tics, vo l. 23, no. 24, pp . 4486-4493, 1984.

[81] H . Shi, J. G. O k , H . W on Baac, and  L. Jay G uo , "L o w  den 
s ity  carbon nano tube  fo res t as an index -m a tche d  and near p e r
fect a b so rp tio n  co a tin g ," Applied Physics Letters, vo l. 99, no. 21, 
p. 211103, 2011.

[82] D .-K . Q in g , X .-M . C hen, K. Ito h , and  M . M u rabayash i, " A  the
o re tica l e va lu a tio n  o f the a b so rp tio n  coe ffic ien t o f the  o p tica l 
w avegu id e  g ro u p  in d e x  m e th o d ,"  Journal o f Lightwave Technology, 
vo l. 14, no. 8, pp . 1907—1917, 1996.

[83] D .-K . Q in g  and I. Y am aguch i, "A n a ly s is  o f the  s e n s it iv ity  o f o p 
tica l w avegu id e  chem ica l sensors fo r  T M  m odes by  the  g ro u p - 
in d e x  m e th o d ,"  Journal o f the Optical Society o f America B, vo l. 16, 
p. 1359, Sept. 1999.



B I B L I O G R A P H Y

[84] A . H a rd y  and W. S tre ifer, "C o u p le d  m ode  th e o ry  o f p a ra lle l 
w avegu id es ," Lightwave Technology, Journal of, vo l. LT-3, no. 5, 
pp . 1135-1146, 1985.

[85] E. K apon , A . H a rdy , and A . K a tz ir, "T h e  effect o f com p lex  co u 
p lin g  coe ffic ien ts on  d is tr ib u te d  feedback lasers," Quantum Elec
tronics, IEEE Journal of, vo l. 18, no. 1, pp . 66-71, 1982.

[86] M . Is lam , D . M ilk ie , C. Kane, A . Y odh , and  J. K ikka w a , "D ire c t 
M easurem ent o f the  P o la rized  O p tic a l A b s o rp tio n  Cross Sec
t io n  o f S ing le -W a ll C a rbon  N a n o tu b e s ," Physical Review Letters, 
vo l. 93, pp . 3 -6 , Ju ly  2004.

[87] L. Ren, C. L. P in t, T. A r ik a w a , K . Takeya, I. Kawayam a, 
M . T o n o u ch i, R. H . H auge , and  J. K ono , "B ro a d b a n d  te rahertz  
p o la rize rs  w ith  idea l pe rfo rm ance  based on  a lig n e d  ca rbon  n a n 
o tube  stacks.," Nano Letters, vo l. 12, pp . 787-90, Feb. 2012.

[88] Q . Bao, H . Z hang , B. W ang , Z . N i,  and C. L im , "B roadban d  
graphene p o la r iz e r,"  Nature Photonics, vo l. 5, no. 7, pp . 411—415,
2011.

[89] Y. Y. Shevchenko and J. A lb e rt, "P lasm on  resonances in  g o ld - 
coated t i lte d  f ib e r B ragg g ra tin g s .,"  Optics Letters, vo l. 32, 
p p . 211-3, Feb. 2007.

[90] A . E. N iko la e n ko , F. De A n g e lis , S. A . Boden, N . P apasim akis, 
P. A sh b u rn , E. D i F a b riz io , and  N . I. Z he ludev , "C a rb o n  n a n 
otubes in  a p h o to n ic  m e ta m a te ria l,"  Physical Review Letters, 
vo l. 104, pp . 3 -6 , A p r. 2010.

[91] M . D anckw erts  and  L. N o vo tn y , "O p tic a l frequency  m ix in g  a t 
co u p le d  g o ld  n a n o p a rtic le s ," Physical Review Letters, vo l. 98, 
pp . 1-4 , Jan. 2007.

[92] S. Palom ba, M . D anckw erts , and  L. N o vo tn y , "N o n lin e a r  p las- 
m on ics  w ith  g o ld  n a n o p a rtic le  an tennas," Journal o f Optics A: 
Pure and Applied Optics, vo l. 11, p. 114030, Nov. 2009.

[93] K . W ang , H . Long , M . Fu, G. Yang, and  P. L u , "S ize -re la ted  th ird -  
o rd e r o p tica l n o n lin e a ritie s  o f A u  n a n o p a rtic le  a rrays .," Optics 
Express, vo l. 18, pp . 13874-9, June 2010.

[94] Y. L u o , D . Le i, S. M a ie r, and  J. Pendry, "B ro a d b a n d  l ig h t  ha rvest
in g  nanostruc tu res  ro b u s t to  edge b lun tne ss ," Physical Review Let
ters, vo l. 108, pp . 1-5, Jan. 2012.



A P P E N D I X
A

T h is  a p p e n d ix  con ta ins  some o f the  M a th e m a t ic a ©  codes I  have 
deve loped fo r  ca lcu la tin g  the resu lts  in c lu d e d  in  th is  thesis. Codes 
b e g in  in  the nex t page.

75



( ♦ D i s p e r s i o n  v a l u e  C a l c u l a t i o n * }  
SA1 = 0 .6 9 6 1 6 6 3 0 ;
511 = 0 .0 6 8 4 0 4 3 0 0 ;
SA2 = 0 .4 0 7 9 4 2 6 0 ;
512 = 0 .1 1 6 2 4 1 4 0 ;
SA3 = 0 .8 9 7 4 7 9 4 0 ;
513 = 0 .9 8 9 6 1 6 1 0  * 10;
GA1 = 0 .8 0 6 8 6 6 4 2 ;
G i l  = 0 .0 6 8 9 7 2 6 0 6 ;
GA2 = 0 .7 1 8 1 5 8 4 8 ;
G12 = 0 .1 5 3 9 6 6 0 5 ;
GA3 = 0 .8 5 4 1 6 8 3 1 ;
G13 = 0 .1 1 8 4 1 9 3 1  * 100;
X = 0 . 0 4 4 ; (*m ole  F r a c t i o n  o f  Ge*)

I ( SA1 A2 SA2 A2 SA3 A2
n c l a d  [A_] : = . I 11 + ---------------  +   + --------------

A2 - S l l 2 A2 -  S122 A2 -  S132

( ♦ g i v e s  c l a d  i n d e x  a t  A i n  ism*)

(SA1 + X (GA1 -  SA1) ) A2 (SA2 ♦ X (GA2 -  SA2) ) A2
n c o r e [A V( A2 -  ( S l l  + X ( G i l  -  S l l )  ) 2 A2 -  (S12 + X (G12 -  S12) ) 2 

(SA3 + X (GA3 -  SA3) ) A2

(S13 + X (G13 -  S 1 3 ) )'
; ( ♦ g i v e s  c o r e  in d e x  a t  A i n  itm *)

(♦ R etu rn s  Core mode in d e x  a t  A*) 
co reM od eln d ex[A _]  : =

B l o c k | { c o r e i n d e x F u n c t i o n ,  1 , Z0, a l ,  a 2 , n l ,  n 2 ,  uO, v ,  b ,  pHE, s e e d s } ,

a l  = 4 . 1 ;  a2 = 6 2 . 5 ;  (*u ae  SMF 28 v a lu e * )
Z0 = 3 7 7 .0 ;
1 = 1 . 0 ;  (* a z im u th a l  mode in d e x * )  
n l  = n c o r e  [A ]; n2 = n c l a d  [A] ;
( • C a l c u l a t e  c o r e  mode e f f e c t i v e  in d e x * )
u O [ n e f f c o r e R e a l ]  ;= ( ( { 2  n )  /  A )2 ( n l 2 -  n e f  f c o r e 2) ) ;
v  = ( (2 7r) /  A) a l  s j  ( n l 2 -  n 22) ;
b [n e £  f c o r e _ R e a l ]  := ( n e f f c o r e 2 -  n 2 2  ̂ /  ( n l 2 - n 2 2J;

B e s s e l  J [ 1 ,  v  (1 -  b [x]  ) ]
c o r e i n d e x F u n c t i o n  [x_]  := E v a lu a t e  v  ■>/ (1 -  b [ x ] )

B e s s e l J [ 0 ,  v s j  (1 -  b [ x ] ) ]

B e s s e l K [ l ,  v - J b [ x ] ]  .
v  (-\/b [ x ] ) -------------------------- -----------

B e s s e l K [ 0 ,  v - \ / b [ x ] ]  ■*
pHE = P l o t [ R e [ c o r e i n d e x F u n c t i o n [ x ] ] ,  { x ,  n2 , n l )

, Mesh-* { { 0 } } ,  M esh F u n ct io n s  -* ( c o r e in d e x F u n c t io n  [«] &) ] ; 
s e e d s  = C a s e s  [Normal [pHE] , P o i n t [ z ]  :-*z|[ljQ, oo] ;

R e t u r n [ F l a t t e n ( T a b l e [ x  / .  F i n d R o o t [ c o r e i n d e x F u n c t i o n [ x ] ,

{ x ,  s } ] ,  { s ,  s e e d s }  ) [J (S a m e T e s t -♦ (Re [ttl -  »2 ]  < 10~6 & ) ) ] ] ] ?
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( • S o l v i n g  t h e  C la d d in g  mode d i s p e r s i o n  r e l a t i o n * )
( • f in d M o d e S o lu t io n E H [ n e f f lo w ,  n e f f h i g h ,  w a v e le n g t h ,  l o r d e r ,  n o u t]  

r e t u r n s  a l l  EH (and TM) modes f o r  w h ich  n e f f l o w  £ ne££ £ n e f f h i g h * )  
(* f in d M o d e S o lu t io n H E [n e f f lo w ,  n e f f h i g h ,  w a v e le n g t h ,  l o r d e r ,  n o u t]  

r e t u r n s  a l l  HE (and TE) modes f o r  w h ic h  n e f f l o w  £ n a££ £ n e f f h i g h * )

>i / -r u21 u3 2 a l  a2 \ - . 8Xp i  u2 I J K + ------------ :— J + g l  (-K ) + J  r l  --
*  v al a2 n2 I ^  u2

so

S O p r im e=

„ I  ,  , „, / J u32 u21K \ rl u21 ql u32 )o 2 ( p i  ( - u 2 )  ( -------------     ) + -  + ------- r IV ' a2 n2 al nl2 > al nl2 a2 nl2 /

|pl u 2 | Ju32 (n32 u2l) K ) rl u21 ql u32Ol |  r*. ,  ,  ,a2 aln22 / al a2

p l  u2 | n32 J K u21 u32 ol o2 \ =3 ql K _ n22 si
1 ™i "n™ +  J — +  J  i r X  — ,n2 al a2 nl / nl nl u2

f  = SO -  SOprime;
s o l  = K /  . S i m p l i f y [ S o l v e [ f  == 0 ,  K] ] ;

^ ( t F ’u l  =

u2

w3 =

u21

u3 2
1u 22 w3

D B e s s e l J [ l _ ,  a rg _ ]  = 1 / 2  ( B e s s e l J [ - 1  + 1 ,  a r g ]  -  B e s s e l  J  [1  + 1 ,  a r g ] ) ;
D B e s s e lK [ l  , a r g _ ]  = 1 / 2  ( - B e s s e l K [ -  1 + 1 ,  a r g ]  -  B e s s e l K [ 1 + 1 ,  a r g ] )
D B e s s e l Y [ l _ ,  a r g _ ]  = 1 / 2  ( B e s s e l Y [ - l  + 1 ,  a r g ]  -  B e s s e l Y [ l  + 1 ,  a r g ] ) ;

D B e s s e l J [ l ,  a l  u l ]
J  =

- -

■

u l  B e s s e l J [ l ,  u l  a l ]  
p l  = B e s s e l Y [ l ,  u2 a l ]  B e s s e l J [ l ,  u2 a 2 ]  -  B e s s e l J [ l ,  u2 a l ]  B e s s e l Y [ l ,  u2 a2] ; 
g l  = B e s s e l J [ l ,  u2 a2] D B e s s e l Y [ l ,  a l  u2] -  B e s s e l Y [ l ,  u2 a2] D B e s s e l J [ l ,  a l  u2] ; 
r l  = B e s s e l Y [ l ,  u2 a l ]  D B e s s e l J [ l ,  a2 u2] -  B e s s e l J [ l ,  u2 a l ]  D B e s s e l Y [ l ,  a2 u2] ; 
s i  = D B e s s e l Y [ l ,  a l u 2 ]  D B e s s e l J [ l ,  a 2 u 2 ]  - D B e s s e l J [ l ,  a l u 2 ]  D B e s s e l Y [ l ,  a 2 u 2 ]

A 1 x
a l  = ---------;

zo
a2 = A 1 x  ZO;

D B e s s e lK [1 ,  a2 w3]
f  EH = s o l  111

w3 B e s s e lK  [1 ,  w3 a2]



Mathematics Code | 78

D B e s s e l K [ l ,  a2w 3]
fHE = s o i p j ----------------------------------------;

w3 B e s s e lK  [ 1 ,  w3 a2]
( • c o n v e r t  t h e  s o l u t i o n s  i n t o  f u n c t i o n * )

m odeE H [neff_ ]  := f  EH /  . x  -» n e f f ;
m odeH E [neff_ ]  : = f H E / .  x  -* n e f f ;

(* D e c la r e  c o m p i le d  f u n c i t o n * )
HEmodes = C o m p i l e [ { { x ,  _ R e a l } } ,  E v a lu a te [m o d e H E [x ] ] ,

( * { { x , _ R e a l } } , * )  R u n t im e A t t r ib u t e s  -» { B i s t a b l e } ,  P a r a l l e l i z a t i o n - *  T rue ,  
C o m p i la t io n T a r g e t  -* "C", "Runtim eO ptions" -* "Speed",
C o m p i la t io n O p t io n s  -> { " E x p r e s s io n O p t im iz a t io n "  -* T r u e } ,
R u n tim eO p tion s  -» { " E v a l u a t e S y m b o l i c a l l y ” -» F a l s e } ] ;

{•HEmodes[x_] := E v a lu a te [m o d e H E [x ] ] ;
EHmodes[x_] := E v a lu a te [m o d e E H [x ] ] ; * )

EHmodes = C o m p i l e [ { { x .  R e a l } } ,  E v a lu a te [m o d e E H [x ] ] ,
( * { { x , _ R e a l } } , * )  R u n t im e A t t r ib u t e s  -+ { L i s t a b l e } , P a r a l l e l i z a t i o n - *  T ru e ,  
C o m p i la t io n T a r g e t  -» "C", "R untim eO ptions" -* "Speed",
C o m p i la t io n O p t io n s  -» { " E x p r e s s io n O p t im iz a t io n "  -» T r u e } ,
R u n tim eO p tion s  -* { " E v a l u a t e S y m b o l i c a l l y " -* F a l s e } ] ; 

m o d e P lo t s H E [n e f f lo w _ ,  n e f f h i g h ]  :=
B l o c k [ { } ,

{ • D e c l a r e  t h e  f u n c t i o n s  t h a t  p l o t s  
th e  mode w i t h i n  a  s p e c i f i c  ra n g e  o f  e f f e c t i v e  in d e x * )  

pHE = P lo t [ R e [ E v a lu a t e [ H E m o d e s [ x ] ] ] ,  { x ,  n e f f l o w ,  n e f f h i g h } .
Mesh { { 0 } } ,  M esh F u n ct io n s  -* (HEmodes [«]  &) ] ; ] ;  

m o d e P l o t s E H [ n e f f l o w ,  n e f f h i g h ]  :=
B l o c k [ { } ,

( • D e c l a r e  t h e  f u n c t i o n s  t h a t  p l o t s  
t h e  mode w i t h i n  a s p e c i f i c  ra n g e  o f  e f f e c t i v e  in d e x * )  

pEH = P lo t [ R e [ E v a lu a t e [ E H m o d e s [ x ] ] ] ,  { x ,  n e f f l o w ,  n e f f h i g h } .
Mesh-* { { 0 } } ,  M esh F u n c t io n s -*  (EHmodes [tt] &) ] ; ] ;

( • D e c l a r e  t h e  f u n c t i o n s  t h a t  f i n d s  
t h e  e f f e c t i v e  i n d i c e s  w i t h i n  a r a n g e  r a n g e* )  

r o o t s  =. ;
S e t S h a r e d V a r i a b l e [ r o o t s H E ] ;
S e t S h a r e d V a r i a b l e [ r o o t s E H ] ;
f I n d M o d e S o lu t io n H E [n e f f lo w _ ,  n e f f h i g h _ ,  w a v e le n g t h _ ,  l o r d e r _ ,  n o u t _ ]  ;= 

B l o c k [ { n l ,  n 2 .  A, ro o tsH E , 1 ,  n 3 } ,  
n3 = n o u t ;
1 = l o r d e r ;
A = w a v e le n g t h ;  
n l  = n c o r e  [A] ; 
n2 = n c la d [A ]  ; 
rootsH E  = { } ;
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M apThread[m odePlotsHE, { { n e f f l o w } ,  { n e f f h i g h } } ] ;  
s e e d s  = C a se s  [Normal [pHE] , P o in t [ z _ J  :-»z|[l] |,  oo] ,- 
rootsH E = R e a p [S o w [T a b le [

x / .  F in d R oot [Re [HEmodes [x] ] , { x ,  s } , A ccu ra cy G o a l  -» 8 ] ,  { s ,  s e e d s } ] ] ] ;  
rootsH E  = S e l e c t  [ S o r t  [ F l a t t e n  [rootsH E ] ] U (Sam eTest -* ( R e [ * t l - 8 2 ]  < 1CT7 &)) , 

R e[«]  s  n2 &];
R e t u r n [ r o o t s H E ] ;

]

f in d M o d e S o lu t io n E H [n e f f lo w _ ,  n e f f h i g h _ ,  w a v e le n g t h _ ,  l o r d e r _ ,  n o u t ]  := 
B l o c k [ { n l ,  n 2 .  A, rootsE H , 1 ,  n 3 } ,  

n3 = n o u t ;
1 = l o r d e r ;
A = w a v e le n g th ;  
n l  = n c o r e [ A ] ; 
n2 = n c la d [A ]  ; 
rootsE H  s { } ;
M apThread[modePlotsEH, { { n e f f l o w } ,  { n e f f h i g h } } ] ;  
s e e d s  = C a s e s  [Normal [pEH] , P o i n t [ z _ ]  :-»z[[l]], oo] ; 
rootsE H  = R e a p [S o w [T a b le [

x / .  F in d R o o t  [Re [EHmodes [x ]  ] , { x ,  s } ,  A ccu ra cy G o a l-*  8 ] ,  { s ,  s e e d s } ] ] ]  
rootsE H  = S e l e c t  [ S o r t  [ F l a t t e n  [rootsE H ] ] [J [S a m e T e s t -* [R e [* t l - t t2 ]  < 1 0 '7 &) ) , 

Re [«] 5 n2 &];
R e t u r n [ r o o t s E H ] ;

]

( * C o u p l in g H y b r id [ ln u m b er , w a v e le n g t h ,  n e f f ,  in d e x o u t ,  PorS]  
r e t u r n s  c o u p l i n g  c o e f f i c i e n t  o f  a h y b r id  mode*)

(*1 = lnum ber, A= w a v e le n g t h  i n  p m,  n e f f  = nef£, ci ad» i n d e x o u t  = n 3, 
PorS = "p" o r  "s" o f  t h e  c o r e  mode p o l a r i z a t i o n * )
C o u p l in g H y b r id [ ln u m b e r _ ,  w a v e le n g t h _ ,  n e f f _ ,  in d e x o u t _ ,  PorS_] :=

Modulej^{Kg, ©, a l ,  a 2 .  A, ffO, a l ,  cr2,

u l ,  u 2 ,  u 2 1 ,  w 3, 1 = lnum ber,
A = w a v e le n g t h ,  n3 = i n d e x o u t ,  n l ,  
n 2 ,  u 3 2 ,  J ,  K, p l ,  g l ,  r l ,  s i ,  uO, 
wO, E c l l v P ,  E c l l v S , O, W, n ,  B 2 ,
E r c o r e ,  H r c o r e ,  E n co re ,  Hi^core,

E r c la d ,  H r c la d ,  E 0 c la d ,  H $c lad  } ,  
n l  = n c o r e [ A ] ;  n2 = n c l a d [ A ] ; n e f f c o r e = c o r e M o d e ln d e x [A ];
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7T
Kg = - ;

A
e  = 10 D e g r e e ;
a l  = 4 . 1 ;  a2 = 6 2 . 5 ;  ZO = 377;

r 1 .6 0 4  i
A =N    I I1H i ( * s e t  t h e  B ragg  a t  1 .5 8 6 * )

"• 2 c o r e M o d e ln d e x [ 1 .6 0 4 ]  *

SO [x_] p l [ x ,  a2] u2 [x] J [ x ]  K[x] +
u 2 1 [x ]  u 3 2 [x ]  a l [ x ]  o 2  [x]

+ q l [ x r a2] ( - K [ x ] )  + J [ x ]  r l [ x f a2]

' J  [x] u32 [x]

a l  a2 n 2 2 
s i [ x ,  a2]

) /
o 2  [x] p l [ x ,  a2] ( - u 2 [ x ] )

u2 [x]  
u 2 1 [x ]  K[x]

r l  [ x ,  a2] u 2 1 [x ]
+   +

a2 n22 
q l  [x» a 2 ] u 3 2 [ x ]

a l  n l 2

CTl[X_] 
o 2 [ x _ ] 
u l [ x _ ]  
u2 [x  ] 

w 3[x _ ]

u 3 2 [x _ ]

a l  n l 2 a2 n l 2
= ( i  l x )  /  ZO;
= i  1 x  ZO;
= ^  { ( ( 2 n )  /  X ) 2 ( n l 2 -  x 2) ) ;
= V  ( (  ( 2 x )  /  A )2 (n22 - x 2) )  ;

= V  ( ( (2*r) /  A )2 (x 2 - n 3 2) ) ;

- r  1

) ) •

u 2 1 [ x _ ]  :=

Lu 2 [ x ] 2
1

w 3 [ x ] 2 
1

u 2 [ x ] 2 u l  [xj 2
J  [x _ ]  : = D B e s s e l  J [ 1 , a l  u l  [x ]  ] /  ( u l  [x]  B e s s e l  J  [1 ,  u l  [x ]  a l ] ) ;
K [x_] : = D B esse lK  [1 ,  a2 w3 [x] ] /  (w3 [x] B e s s e l K [ l ,  w3 [x]  a2] ) ;
D B e s s e l J [ l a r g _ ]  = 1 / 2  ( B e s s e l J [ -  1 + 1 ,  a rg ]  - B e s s e l J [1 + 1 ,  a r g ] ) ;  
D B e s s e l K [ l _ ,  a r g ]  = 1 / 2  ( - B e s s e l K [ - 1 + 1 ,  a r g ]  -  B e s s e lK  [ 1 + 1 ,  a r g ] ) ;  
D B e s s e l Y [ l _ ,  a r g _ ]  = 1 / 2  ( B e s s e l Y [ - 1 + 1 ,  a r g ]  -  B e s s e l Y [1 + 1 ,  a r g ] ) ;  
p l [ x _ ,  r _ ]  ; = B e s s e l Y [ l ,  u2 [x]  a l ]  B e s s e l J [ l ,  u2 [x] r ]  -  

B e s s e l J [ l ,  u 2 [ x ]  a l ]  B e s s e l Y [ l ,  u 2 [x ]  r ]  ; 
q l  [ x _ , r _ ]  : = B e s s e l J  [ 1 ,  u 2 [x ]  r ]  D B esse lY  [1 ,  a l  u2 [x]  ] -  

B e s s e l Y [ l ,  u 2 [ x ]  r ]  D B e s s e l J [ l ,  a l  u 2 [ x ] ] ;  
r l [ x  , r  ] := B e s s e l Y [1 ,  u2 [x]  a l ]  D B e s s e l J [ l ,  r u 2  [ x ] ]  -  

B e s s e l J f l ,  u 2 [x ]  a l ]  D B e s s e l Y [ l ,  r  u 2 [ x ] ] ;  
s l [ x _ ,  r _ ]  := D B esse lY  [ 1 ,  a l  u2 [x]  ] D B e s s e l  J [ 1 ,  r u2 [x]  ] -  

D B e s s e l J [ l ,  a l  u 2 [ x ] ] D B e s s e l Y [ l ,  r  u 2 [ x ] ] ;  
u 2 1 [x ]  c t 2 [ x ]  f f 0 [ x ]

F 2 [x _ ]  : = J [ x ]

G 2[x_] ;= £ 0 [ x ]  J [ x ]

n l 2 a l
u 2 1 [x] ctI [ x ]  

a l



81  | Appendix

n32 ( n 22 J 0 [ x ]
G 3[x_]  : = - -----  IG2 [x] p l  [ x ,  a 2 ] -------------------- q l [ x ,  a2]

n 22 \  n l 2 u2 [x]
1

F3 [x  ] : = -F 2  [x]  p l  [x ,  a2] ♦ ----------  q l [ x ,  a2 ]  ;
u2 [x]

c = (Cos [!<*>] ) 2 ; 
s  = (S in  [1 4>] 2) ;

l B e s s e l J [ l ,  r u l [ x ] ]  u l [ x ]  JO [x] a2 [x]  D B e s s e l J [ l ,  r u l  [x ]  ]
E r c l core [x_J := --------------------------------------  + ----------------------------------------------------------------------;

r 1 n l 2
[ JO[x] o 2 [x ]  B e s s e l J [1 ,  r u l [ x ] ]

E 0 c lcore [x _ ]  := I -------------------------------------------------------------- u l [ x ]  D B e s s e l J [ l ,  r u l [ x ] J
V n l 2 r

H r c lcore [x _ ]  : =
i  1 JO[x] B e s s e l J [ 1 ,  r  u l [ x ] ] ± u l [ x ]  a l [ x ]  D B e s s e l J [ l ,  r  u l [ x ] ] \

r 1 J  '
I a l [ x ]  B e s s e l J [ l ,  r u l [ x ] ]

H 0 c loore[x _ ]  : =
r

u l  [x] I JO [x] D B e s s e l J [ l ,  r u l [ x ] ] )■

r I ( S i n [ 4  1 xrJ \
p l t e r m s P [ x _ ]  = E v a lu a t e  |^ E r c l core [x]  (7r + -------- —  J C o n ju g a te  (Htf>clcora [x]  ]

/  S i n [4 1 tt] \ %
-  C o n ju g a te  [H r c lcore[x] ] E<#»clcore [x] ( x ------- — -------- J j r j  ,-

r f  { S i n [ 4  l x ] |
p l t e r m s S  [x _ ]  = E v a lu a t e  ( ^E rclcora [x]  (x   ------------------- J C o n ju g a te  [H<£clcore [x]  ]

/ S in  [4 1 x ]  \ \ •,
-  C o n ju g a te  [H r c loore [x] ] E # c lcorB[x] (x  + -----— --------j j  r j  ;

1
P IP [x _ ]  := — R e [ N I n t e g r a t e [ p l t e r m s P [ x ] , { r ,  0 ,  a l } ,

2
Method -» { " G lo b a lA d a p t iv e " ,

M e t h o d s  "GaussK ronrodRule", " S in g u la r i t y D e p t h "  -» I n f i n i t y } ] ]  ;
1

P lS [ x _ ]  := — R e [ N I n t e g r a t e [ p l t e r m s S [ x ]  , { r ,  0 ,  a l } ,
2

M ethod-* { " G lo b a lA d a p t iv e " ,
Method-* "G aussK ronrodR ule", “S i n g u l a r i t y D e p t h " - * I n f i n i t y } ] ] ;

E r c l c lsd [x _ ]  : =

( a l  F2 [x] 1 x  u l  [x] 2 p l  [x ,  r] a l  1 n  u l  [x] 2 q l  [x ,  r ]
B e s s e l J [1 ,  a l  u l ( x ]  ] ---------------------------------------------------- + ----------------------------------------

( 2 r  2 r  u2 [x]

a l  G2 [x] x  u l  [ x ] 2 u2 [x] a2 [x]  r l  [ x ,  r ]  a l  x  u l  [ x ] 2 JO [x] ct2 [x ]  s i  [x ,  r ]
 + ---------------------------------------------------------------------------------------

2 1 n 22 2 1 n l 2
E<£clclad [x _ ]  s= B e s s e l J  [1 ,  a l  u l  [ x ] ]
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a l  G2 [x] n  u l  [x]  2 a2 [x]  p l  [x ,  r ]  a l  n  u l  [x] 2 ffO [x] ct2 [x]  q l  [ x ,  r]

2 n 22 r  2 n l 2 r  u2 [x]

+ — a l  F2 [x] 7T u l  [x] 2 u2 [x] r l  [ x ,  r ]  -  — a l  n  u l  [x] s i  [ x ,  r]
2 2

^ r c - l c i a d   3  •  ~

( l G 2 [ x ]  l p l [ x ,  r ]  i  1 n 22 ? 0 [ x ]  q l [ x ,  r]
a l  7T u l  [x ]  2 B e s s e l J  [1 ,  a l u l [ x ] ] ----------------------------------------------------------------------------

{ 2 r  2 n l 2 r  u2 [x]

± F2 [x] u2 [x] <?l[x] r l [ x ,  r ]  i o l [ x ]  s l [ x ,  r]

2 1 2 1
1 ( F 2 [x ]  I  o l [ x ]  p l [ x ,  r ]

H<£clclad [x _ ]    a l  7r u l [ x ] 2 B e s s e l J  [ 1 ,  a l  u l  [x ]  ]

r I (  S in  [4 1 jt] \
p 2 term sP  [x  ] : = E v a lu a t e  |  | E r c l claiJ [x]  7̂r + ------------------ J C o n ju g a te  [H<£clclad [x]  ]

2 \  I

I a l  [x] q l  [ x ,  r ]  n 22 I  £0 [x]  s i  [ x ,  r]
  + I  G2[x] u 2 [ x ]  r l f x ,  r ] --------------------------------------

r u 2 [ x ]  n l 2

S in  [4 1 tt]

4 1
/ S i n [4 1 7r] \ \ ,

-  C o n ju g a te  [H r c lclad [x]  ] E<fclcUlJ[x ]  ---------- —  J j r j  ;

r ( (  S in  [4 1 t t ]  \
p 2 te r m s S [x _ ]  := E v a lu a t e  I E r c l clad[x] I tt----------------------I C o n ju g a te  [H £ c lclad [x]  ]

/  S in  [4 1 x ]  n  ,
-  C o n ju g a te  [H r c lclad[x] ] E<*>clclad [x ]  + --------—  j j  rj ,-

1
P 2P [x  ] := — H e [ N I n t e g r a t e [ p 2 t e r m s P [ x ] , { r ,  a l ,  a 2 } ,

2
Method -* { " G lo b a lA d a p tiv e"  ,

Method -* "G aussK ronrodR ule", " S in g u la r i t y D e p t h "  -* I n f i n i t y } ] ] ;
1

P2S [x  ] := — Re [ N I n t e g r a t e  [p 2 term sS  [x] , { r ,  a l ,  a 2 } ,
2

M ethod-* { " G lo b a lA d a p t iv e " ,
Method-* "G aussK ronrodRule", " S in g u la r i t y D e p t h "  -* I n f i n i t y } ] ]  ;

E r c l out[x _ ]  : =
/  ( F3 [x] 1 B e s s e l K f l ,  r w 3 [ x l ]

| !  r » i 2  - ------------------ ---------------  -  -  -  - -  1a l  ttu1 [ x ] u 2 [ x ]  B e s s e l J [ l ,  a l u l [ x ] ]
2 r  w3 [x] 2

G3 [x] ct2 [ x ]  D B e s s e l K [ l ,  r w 3 [ x ] ]

)/ B e s s e l K [ l ,  a2 w 3 [ x ] ] ;
2 1 n 3 2 w3 [x]

E « c lout[x _ ]  : =
'G 3[x] a 2 [ x ]  B e s s e l K [1 ,  r w 3 [ x ] ]

a l  7r u l  [x ]  2 u2 [x] 2 B e s s e l J  [1 ,  a l  u l  [x] ] 

F 3 [x ]  D B e s s e l K [ l ,  r w 3 [ x ]
2  w 3  [ x ] *))/

2 n 3 2 r  w3 [x] 2 

B e s s e l K [1 ,  a2 w 3 [ x ] ] ;
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Hrclout [x _ ]  : =
i  G3 [x] l B e s a e l K [ l ,  r  w3 [x ]  ]

a l  7 r u l [x ]  u 2 [x ]  B e s s e l J f l ,  a l  u l  [x]  ]
2 r  w3 [ x ] 2

± F 3 [ x ]  a l [ x ]  D B e s s e l K [ l ,  r w 3 [ x ] ]

)/ B e s s e l K [ l ,  a2 w 3 [ x ] ] ;
2 1 w3 [x]

H<f>clout [x _ ]  : =
{ F 3 [x ]  I  a l [ x ]  B e s s e lK  [ 1 ,  r  w3 [x] ]

a l  7 r u l [x ]  u 2 [ x ]  B e s s e l J  [1 ,  a l  u l  [x] ]--- -------------------------------------------------------------
\  2 r  w3 [x] 2

I G3[x] D B e s s e lK [1 ,  r  w 3 [ x ] ] '

2 w3 [x] )/ B e s s e l K [ l ,  a2 w 3 [ x ] ] j

r I (  S in  [4 1 7T] \
p3terxnsP [x_J := E v a lu a t e  I E r c l out[x] I7T+------------------ 1 C o n ju g a te  [H<£clout [x]  ]

f  S i n [ 4  1 7r] \ \ ,
-  C o n ju g a te  [H r c lout [x] ] E * c lout [x]  --------- —  J J r  J ;

r (  (  S i n [4 1 7r] \
p 3 te r m s S [x _ ]  := E v a lu a t e  ( ( E r c l out [x] ^7r-------------------- J Con j u g a t e  [H<£elout [x] ]

/  S i n [ 4  1 x ]  n  ,
-  C o n ju g a te  [ H r c lout [x] ] E<£clout[x] + ------ — ------- j j  r  j  ;

1
P 3P [x_]  := — R e [ N I n t e g r a t e [p 3 t e r m s P [ x ]  , ( r ,  a 2 ,  oo} ,

2
Method-* { “G lo b a lA d a p t iv e " ,

Method-* "GaussK ronrodRule", " S in g u la r i t y D e p t h "  -* I n f i n i t y } ]  ] ;
1

P 3 S [x _ ]  := — R e [ N I n t e g r a t e [ p 3 t e r m s S [ x ] , { r ,  a 2 ,  oo} ,
2

Method -* { " G lo b a lA d a p t iv e " ,
Method -* "GaussK ronrodRule", " S in g u la r i t y D e p t h "  - * I n f i n i t y } ] ] ;

uO = -.1 I  J ( n l 2 - n e f f c o r e 2) ;

E c l l v P [ x _ ]  :=

E c l l v S [ x _ ]  :=

P lP [ x ]  + P 2P [x] + P3P [x]

P I S [x ]  + P 2S[x]  + P 3S [x ]

{♦ c o r e  mode n o r m a l i z a t i o n  c a l c u l a t i o n  i n  HE11 mode*) 
(♦ c o r e  mode f i e l d  d e s c r i p t i o n  x  p o l a r i z e d * )

wO = I  I ( n e f f c o r e 2 -  n 2 2) ;

U = uO a l ;
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W = wO a l ;  
n = n l ;

O2 B e s s e l J  [1 ,  U]
B2 = j --------------------------------- | (*A1*) ;

W2 B e s s e l K [ l ,  W]

E r c o r e  = uO B e s s e l J [0 ,  uO r] ; 
E n core  = -  uO B e s s e l J [0 ,  uO r] ; 

n l
H rco re  = ---- uO B e s s e l J [ 0 ,  uO r] ;

ZO
n l

H rco re  = —  uO B e s s e l J [ 0 ,  uO r]  ; 
ZO

E r c la d  = B2 wO ( - B e s s e l K [ 0 ,  wO r ]  ) ; 
E 0 c la d  = -  B2 wO ( - B e s s e l K [ 0 ,  wO r ]  ) ; 

n2
H r c la d  =   B2 wO ( -  B e s s e l K [0 ,  wO r ]  ) ;

ZO
n2

H r c la d  =   B2 wO { -  B e s s e l K [ 0 ,  w O r ] ) ;
ZO

in t e g r a t io n T e r m P [ x _ ]  ;= ( E r c o r e  Cos [0]  E r c l core [x] Cos [ 1 0 ]
+ E n core  S i n [ 0 ]  E 0 c l corB[x] S i n [ 1 0 ]  ) r  Exp [ +2 X Kg r  Cos [0] S i n [ 6 ] ] ;

7T
g c lm in u sP  [x  ] ;= ----------  n l  E O lcoE xact  E c l lv P  [x]

4 A ZO
N I n t e g r a t e ( I n t e g r a t i o n T e r m P [ x ] , { r ,  0 , a l } ,  { 0 ,  0 , 2 x }  ,

Method -* { “G lo b a lA d a p t iv e "  ,
Method-* "G aussK ronrodR ule", " S in g u la r i t y D e p t h "  -» I n f i n i t y } ]  ;

in t e g r a t io n T e r m S  [ x  ] :=  ̂E r c o r e  Cos [ 0  + — ] E r c l core [x] Cos J1 0  + — J

+ E 0 co re  S in  ĵ 0 + — j E 0 c loorB [x] S i n  J l  0  + — J j  r  Exp [+2 1 Kg r  Cos [0 ]  S in  [6]  ] ;

7T
g c lm in u s S  [x  ] := ---------  n l E c l l v S [ x ]  E O lcoE xact  N I n t e g r a t e  [

4 A Z0
i n t e g r a t i o n T e r m S [ x ] , { r ,  0 ,  a l } ,  ( 0 ,  0 ,  2 n )  , M e th o d -» {  " G lo b a lA d a p t iv e " , 

M ethod-* "G aussK ronrodRule", " S in g u la r i t y D e p t h "  -* I n f i n i t y } ]  ;

Pooremode =

— Re [ N I n t e g r a t e [ [E r c o r e  H 0core  Cos [0] 2 -  H rco re  E 0 co re  S i n [ 0 ]  2] r ,  { 0 ,  0 ,  2 7t} ,

{ r ,  0 ,  a l } .  Method -* { " G lo b a lA d a p t iv e " , Method -* "G aussK ronrodR ule" , 
" S in g u la r i t y D e p t h "  -» I n f i n i t y } ] ]  +

— Re [ N I n t e g r a t e  [ (E r c la d  H 0 c la d  Cos [0]  2 -  H r c la d  E 0 c la d  S i n [ 0 ]  2] r .
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{ $ ,  0 ,  2 7t}, { r ,  a l ,  a 2 } .  Method-* { " G lo b a lA d a p t iv e " ,
Method-* "G aussK ronrodRule", " S in g u la r i t y D e p t h "  -* I n f i n i t y } ] ] ;

E O lcoE xact  = A/ -----------------  ; ( * n o t e  E O lcoE xact*  uO = EOlco*)
Pcoremode

I f { P o r S  ss T o S t r i n g [ p ] , R e t u r n [ g c l m i n u s P [ n e f f ] ] ,  R e t u r n [ g c l m i n u s S [ n e f f ]  ] ] ; j 

S e t A t t r i b u t e s ( C o u p l i n g H y b r i d ,  b i s t a b l e ] ;

(* c o u p l in g C o e f fc ie n tT E [A C ,  l o r d e r ,  n e f f ,  in d e x o u t ]  
r e t u r n s  c o u p l i n g  c o e f f i c i e n t  o f  a TE mode*)

(*1 = 0 ,  AC= w a v e le n g t h  i n  p m ,  n e f f  = ne££> ci a<j/ in d e x o u t  = n 3 , 
o n l y  works a s su m in g  c o r e  mode i s  S p o l a r i z e d * )

c o u p l in g C o e f f c ie n t T E [ A C _ ,  l o r d e r _ ,  n e f f _ ,  in d e x o u t_ J  := B l o c k [ {1 = l o r d e r ,  A = AC,

n3 = in d e x o u t ,  n l ,  n 2 ,  n e f f c o r e ,  
u l ,  u 2 ,  w 3, u 3 2 ,  u 2 1 ,  J ,  K, 
p l ,  q l ,  r l ,  s i ,  P l ,  P2 , P 3 , P,
EOvte, uO, wO, U, W, n ,  B2, P c o r e m o d e } ,

u l  [ x j  s = s j  ( ( (2 7r) /  A) 2 ( n l 2 -  x 2) ) ; 
u2[x_J  := V ( { ( 2  7r) /  A )2 (n 22 - x 2) ) ;  

w3 [x_]  s = V  { ((2 ;r>  / A ) 2 (x 2 - n 3 2) ) ;

- i  l— ) ,
u 2 [ x ]  2 w 3 [ x ] 2 )

1 1
u 2 1 [x_]  : = --------------------  s

u 2 [ x ] 2 u l  [x] 2
J [ x _ ]  := D B e s s e l J [ l ,  a l  u l  [x] ] /  ( u l  [x] B e s s e l J [ l ,  u l [ x ]  a l ] ) ;
K[x ] := D B e s s e l K [ l ,  a2 w3 [x] ] /  (w3 [x]  B e s s e l K [ l ,  w3 [x] a 2 ] ) ,-
D B e s s e l J [ l _ ,  a r g _ ]  = 1 / 2  ( B e s s e l J [ - l  + 1 ,  a r g ]  - B e s s e l J [1 + 1 ,  a r g ] ) ;
D B e s s e l K [ l _ ,  a r g _ ]  = 1 / 2  ( - B e s s e l K  [ - 1  + 1 ,  a rg ]  -  B e s s e lK  [1 + 1 ,  a r g ] ) ;
D B e s s e l Y [ l _ ,  a r g  ] = 1 / 2  (B e s s e lY  [ -  1 + 1 ,  a r g ]  -  B e s s e lY  [1 + 1 ,  a r g ] ) ;  
p l [ *  • r  J  : =

B e s s e l Y [ 0 ,  u 2 [x ]  a l ]  B e s s e l J [ 0 ,  u 2 [x ]  r ]  ~ B e s s e l J [ 0 ,  u 2 [ x ]  a l ]  B e s s e l Y [ 0 ,  u 2 [ x ]  r ]  ; 
q l [ x _ ,  r _ ]  : = B e s s e l J [ 0 ,  u 2 [x ]  r] D B e s s e lY [ 0 ,  a l  u 2 [ x ] ] -  

B e s s e l Y [ 0 ,  u 2 [ x ]  r ]  D B e s s e lJ  [0 ,  a l  u 2 [ x ] ] ;  
r l [ x _ ,  r _ ]  : = B e s s e l Y [ 0 ,  u 2 [x ]  a l ]  D B e s s e l J [0 ,  r  u 2 [ x ] ] -

B e s s e l J [ 0 ,  u 2 [ x ]  a l ]  D B e s s e lY [ 0 ,  r u 2 [ x ] ] ;  
s l [ x _ ,  r _ ]  : = D B e sse lY  [ 0 , a l  u2 [x]  ] D B e s s e lJ  [0 , r  u2 [x] ] -

D B e s s e l J [ 0 ,  a l  u 2 [ x ] ] D B e s s e lY [0 ,  r  u 2 [ x ] ] ;  
a l  = 4 . 1 ;  a2 = 6 2 . 5 ;  (* u s e  SMP 28 v a lu e * )  
n l  = n c o r e  [AC]; n2 = n c l a d  [AC] ;
Z0 = 3 7 7 .0 ;
0 = 10 D e g r e e ;

u3 2 [ x _ ]  !=
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n e f f c o r e  = coreM odelndex[A C ] s  
r 1 .6 0 4  n

2 c o r e M o d e ln d e x [ 1 .6 0 4 ]
7T

« -g  =  —  ;
A

E r t e c o r e [ x _ ]  : = 0;
E < £tecore[x_] := -  u l [ x ]  D B e s s e l J [0 ,  u l [ x ]  r ]  ;

x
H r t e c o r e [ x  ] := u l [ x ]  ---- ( D B e s s e l J [0 ,  u l [ x ]  r ]  ) ;

Z0
E r t e c l a d [ x _ ]  := 0;
E4>tec lad[x_]  : =

1
— a l  7t u l  [x]  B e s s e l J  [ 0 ,  a l  u l  [x] ] (J  [x] u2 [x]  r l  [ x ,  r ]  - s l [ x ,  r ] )  ;

( J [ x ]  u2 [x] r l  [x ,  r] -  s i  [ x ,  r ] ) ;
E r t e o u t e r [ x ]  := 0;
E ^ t e o u t e r [ x _ ]  : = - ( a l x u l [ x ] 2 u2 [x]  B e s s e l J  [0 ,  a l  u l [ x ] ] {J [ x ]  u 2 [ x ]  p l [ x ,  a2]

-  q l  [x ,  a 2 ] ) D B esse lK  [0 ,  rw 3 [ x ] ] j  /  (2w 3 [x] B e s s e lK  [ 0 ,  a2 w3 [x] ] )  ; 
H r t e o u t e r [ x _ ]  := ( a l  x  n  u l  [x ]  2 u2 [x] B e s s e l J [ 0 ,  a l u l [ x ] ]  ( J [ x ]  u2 [x] p l  [x ,  a2]  

-  q l  [x ,  a 2 ] ) D B e s s e lK [0 ,  r  w3 [x] ] ) f  (2 w3 [x] Z0 B e s s e l K [ 0 ,  a2 w3 [x] ] ) ; 
P l [ x _ ]  :=

— R e [ N I n t e g r a t e [ I n t e g r a t e [ - C o n j u g a t e [ H r t e c o r e [ x ] ] E<£tecore[x] r ,  { $ ,  0 ,  2 n } ]  , 
2

{ r ,  0 ,  a l } .  Method-* {" G lo b a lA d a p t iv e " ,
Method-* "G aussK ronrodRule", " S in g u la r i t y D e p t h "  -* I n f i n i t y } ] ]  ;

1
P2 [x  ] := — Re [ N I n t e g r a t e  [ I n t e g r a t e  [ - C o n ju g a te  [ H r t e c l a d [ x ]  ] E 4>teclad[x] r ,

2
{<t>, 0 ,  2 7T}] , { r ,  a l ,  a 2 } .  Method-* { " G lo b a lA d a p t iv e " ,

Method-* "G aussK ronrodRule", " S in g u la r i t y D e p t h "  -* I n f i n i t y } ] ] ;

P 3 [x _ ]
2

R e [ N I n t e g r a t e [ I n t e g r a t e [ - C o n j u g a t e [ H r t e o u t e r [ x ] ] E # t e o u t e r [ x ]  r ,  {<£, 0 ,  2 7r}],  
{ r ,  a 2 ,  co} ,  Method-* { " G lo b a lA d a p t iv e " ,  Method-* “G aussK ronrodR ule" ,  

" S in g u la r i t y D e p t h "  -* I n f i n i t y } ] ] ;
P [x _ ]  := P l [ x ]  + P 2 [x ]  + P 3 [ x ] ;

2
1

H r t e c l a d [ x _ ] a l  x  7 r u l [x ]  2 B e s s e l J  [ 0 ,  a l u l [ x ] ]
2 Z0

1

1

1
E 0 v t e [ x _ ]  :=

V P l [ x + I 0 . ]  + P 2 [x  + 1 0 . 0 ]  + P3 [x  + 1 0 . 0 ]  
uO = ^  ( { ( 2  7r) /  A) 2 ( n l 2 -  n e f  f c o r e 2) ) ;

U = uO a l ;  
W = wO a l ;
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n = n l  ;

( U2 B e s s e l J [ 1 ,  U] \
B2   (*A1*) ;

V W2 B e s s e l K [1 ,  W] J

E r c o r e  = uO (*A1*) B e s s e l J [ 0 ,  uO r ]  ;
E n core  = -  uO(*A1*) B e s s e l J [ 0 ,  uO r ]  ; 

n l
H rcore  = ---  uO (*A1*) B e s s e l J [ 0 ,  uO r]  ;

ZO
n l

H rcore  = ---  uO (*A1*) B e s s e l J [ 0 ,  uO r]  ;
ZO

E r c la d  = B2 wO ( - B e s s e l K [ 0 ,  wO r] ) ;
E r c la d  = -  B2 wO ( -  B e s s e l K [0 ,  wO r] ) ; 

n l
H r c la d  = ---  B2 wO ( -  B e s s e lK  [0 ,  wO r] ) ;

ZO
n l

H r c la d  = —  B2 wO ( -  B e s s e lK  [ 0 , wO r ]  ) ;
ZO

Pcoremode =

— Re [ N I n t e g r a t e  [ [E r c o r e  H rcore  Cos [#] 2 -  H rcore  E ncore  S l n [ # ]  2j r ,  {4>, 0 ,

{r» 0 ,  a l } ,  Method-* { " G lo b a lA d a p t iv e " ,  Method-* "GaussKronrodRule"  
"S in g u la r i t y D e p t h "  - * I n f i n i t y } j ]  +

— Re [ N I n t e g r a t e  [ (E r c la d  H 0 c la d  Cos [#] 2 -  H r c la d  E<£clad S in  [0] 2) r ,

{ <f>, 0 ,  2 71} ,  { r ,  a l ,  a 2 } .  Method-* { " G lo b a lA d a p t iv e " ,
Method-* "G aussK ronrodR ule", " S in g u la r i t y D e p t h "  -* I n f i n i t y } ] ] ;

E O lcoE xact
Pcoremode

in te g r a t io n T e r m T E s  [x _ ]  : =  ̂E r c o r e  Cos [$> + — ] E r t e c o r e  [x]

* E n core  S i n | ^  + —j E r t e c o r e  [x]  J r  Exp [ •* 2 I  Kg r  Cos [#]  S i n [ © ] ] ;  

g c Im in u sT E s[x _ ] : =
7T

----------  n l  E O lcoE xact  E 0 v t e [ x  ] N I n t e g r a t e  [ in te g r a t io n T e r m T E s  [x] ,
4 A ZO

{<t>, 0 ,  2 tt) , { r ,  0 ,  a l } , Method-* { " G lo b a lA d a p t iv e " ,
M ethod-* "G aussK ronrodRule", " S in g u la r i t y D e p t h "  -» I n f i n i t y } ]  ; 

R e t u r n [ g c I m in u s T E s [ n e f f ] ] ; J

2 x ) .

(* c o u p l in g C o e f fc ie n tT M [A C , l o r d e r ,  n e f f ,  in d e x o u t ]
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r e t u r n s  c o u p l i n g  c o e f f i c i e n t  o f  a TM mode*)
(*1 = 0 ,  AC= w a v e le n g t h  i n  v m , n e f f  = na£f, ci a(j ,  in d e x o u t  = n 3 , 
o n l y  w orks a ssu m in g  c o r e  mode i s  P p o l a r i z e d * )

c o u p l in g C o e f fc ie n tT M [A C _ ,  l o r d e r _ ,  n e f f _ ,  i n d e x o u t _ ]  ; = B l o c k J {1 = l o r d e r ,  A = AC,

n3 = in d e x o u t ,  n l ,  n 2 ,  n e f f c o r e ,  u l ,  u 2 ,  
w3, u 3 2 ,  u 2 1 ,  J ,  K, p i ,  q l ,  r l ,  s i ,
P I ,  P 2 , P 3 , P, EOvte, uO, wO, U, W, 
n , B2, Pcoremode } ,

u l  [x  ] := V  {< (2 t x )  /  A )2 ( n l 2 - x 2) )  ;
u 2 [ x _ ]  : = V  ({  (2 n) /  A) 2 (n22 - x 2) ) ; 
w 3 [x _ ]  := V  ( ( (2 7f) /  A) 2 (x 2 -  n 3 2) ) ;
J [x _ J  := D B e s s e l J [ 0 ,  a l  u l  [x] ] /  ( u l [ x ]  B e s s e l J [ 0 ,  u l [ x ]  a l ] ) ;
K [x _ ]  : = D B e s s e lK [0 ,  a2 w3 [x] ] /  (w3 [x]  B e s s e l K [ 0 ,  w3 [x] a 2 ] ) ;
D B e s s e l J [ l _ ,  a r g _ ]  = 1 / 2  ( B e s s e l J [ - l + 1 ,  a r g ]  -  B e s s e l J [ l  + 1 ,  a r g ] ) ;
D B e s s e l K [ l _ ,  a r g _ ]  = 1 / 2  ( - B e s s e l K [ - 1  + 1 ,  a r g ]  -  B e s s e l K [1 + 1 ,  a r g ] ) j 
D B e s s e l Y [ l _ ,  a r g _ ]  = 1 / 2  ( B e s s e l Y [ - 1 + 1 ,  a rg ]  -  B e s s e l Y [ l  + 1 ,  a r g ] ) ;  
p 1 [x  , r _ ]  : =

B e s s e l Y [ 0 ,  u 2 [x ]  a l ]  B e s s e l J [ 0 ,  u 2 [x ]  r ]  - B e s s e l J [ 0 ,  u 2 [x ]  a l ]  B e s s e l Y [ 0 ,  u 2 [ x ]  r ]  ;
q l [ x _ ,  r _ ]  : = B e s s e l J [ 0 ,  u 2 [x ]  r ]  D B e s s e lY [ 0 ,  a l  u2 [ x ] ] -

B e s s e l Y [ 0 ,  u 2 [ x ]  r ]  D B e s s e l J [ 0 ,  a l  u 2 [ x ] ] ;
r l [ x _ ,  r _ ]  : = B e s s e l Y [ 0 ,  u2 [x] a l ]  D B e s s e lJ  [ 0 , r u2 [x ]  ] -

B e s s e l J [ 0 ,  u 2 ( x ]  a l ]  D B e s s e lY [ 0 ,  r u 2 [ x ] ] ;
s l [ x _ ,  r _ ]  : = D B esse lY  [ 0 , a l  u2 [x ]  ] D B e s s e lJ  [ 0 ,  r u2 fx]  ] -

D B e s s e l J [ 0 ,  a l  u 2 [ x ] ] D B e s s e lY [0 ,  r u 2 [ x ] ] ;
x u l [ x ]  ZO D B e s s e l J [0 ,  r  u l  [x] ]

E rtm core  [x  ] : = ---------------------------------------------------------- ;
n l 2

( • - m u l t i p l i e r  [x] -  u l  [x] D B e s s e lJ fO ,  u l [ x ]  r ] ; * )
n l

E r tm c o r e [x _ ]  ;= 0;
H ^tm core[x  ] := -  u l [ x ]  D B e s s e l J [0 ,  u l [ x ]  r ]  ;

1
E r tm c la d [x _ ]  t= --------------

2 n l 2 n 22
a l  x  7T u l  [x] 2 ZO B e s s e l J [ 0 ,  a l  u l [ x ]  ] ( j [ x ]  n l 2 u 2 [ x ]  r l  [ x ,  r ]  -  n 22 s l [ x ,  r ]  ) ; 

E 0 tm c la d [x _ ]  := 0;
H ^ tm cla d [x _ ]  :=

  a l  7r u l  [x] 2 B e s s e l J  [0 ,  a l  u l  [x]  ] ( j  [x] n l 2 u2 [x] r l  [ x ,  r ]  -  n 22 s i  [ x ,  r ]  ) ;
2 n l 2

E rtm ou ter  [x _ ]  := ( a l  x  tt u l  [x] 2 Z0 B e s s e l J  [ 0 ,  a l  u l  [x] ] (J  [x]  n l 2 u2 [x]  r l [ x ,  a2]
- n 2 2 s l [ x ,  a 2 ] )  D B e s s e lK [0 ,  r w 3 [ x ] ] )  /

(2 K [x ]  n l 2 n 3 2 w3 [x] B e s s e lK  [0 , a2 w3 [x] ] 'j ;
E 0 tm o u te r [x _ ]  : = 0 ;
Hi^tmouter [x _ ]  := ( a l  n  u l  [x] 2 B e s s e l J [ 0 ,  a l  u l  [x ]  ] ( j [ x ]  n l 2 u2 [x]  r l  [x ,  a2]

-  n22 s i  [x ,  a2] } D B e s s e lK [0 ,  r  w3 [x] ] )  /
(2 K[x] n l 2 w3 [x] B e s s e l K [ 0 ,  a2 w3 [x]  ] |  ;
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1
P l [ x  ] : = — Re [ N I n t e g r a t e  [ I n t e g r a t e  [ E rtm core  [x]  C o n j u g a t e [ H ^ tm c o r e [ x ] ] 

2
{ 4>, 0 ,  2 7T>] , ( r ,  0 ,  a l ) .  Method -* "GaussKronrodRule" ] ]  ;

1
P2 [x  ] : = — Re [ N I n t e g r a t e  [ I n t e g r a t e  [E r tm c la d  [x] C o n ju g a te  [H ^tm clad [x] ]

2
{ 4>, 0 ,  2 7r}] , { r ,  a l ,  a2}  , Method -* "GaussKronrodRule" ] ]  ;

1
P3 [x  ] := — Re [ N I n t e g r a t e  [ I n t e g r a t e  [E r tm o u ter  [x] C o n ju g a te  [H^tm outer [x]  

2
{ $ ,  0 ,  2 n } ]  , { r ,  a 2 ,  «>} , Method -» "GaussKronrodRule* ] ] ;

P [x _ ]  := P l [ x ]  + P 2 [x ]  + P 3 [ x ] ;
1

E0vtm [x_] := —-----------    .
V  PI [x  + I  0 . ] + P2 [x  + 1 0 . 0 ]  + P3 [x  + I  0 . 0 ]  

a l = 4 . 1 5 ;  a2 = 6 2 . 5 ;  (* u s e  SMF 28 v a lu e * )  
n l  = n c o r e [A C ];  n2 = n c la d [ A C ] ;
Z0 = 3 7 7 .0 ;
© = 10 D e g ree ;
n e f f c o r e  = coreM od eIn d ex[A C ];

r 1 .6 0 4  ,
A = N ------------------------------------------ J IB ; ( * p e r io d  i n  nm*)

*• 2 coreM od eln d ex  [ 1 .  604] ■*
7T

Kg = — ;

u0 =  ̂ "j ( n l 2 -  n e f f c o r e 2) ;

(* c o r e  mode n o r m a l i z a t i o n  c a l c u l a t i o n  i n  HE11 mode*) 
( * c o r e  mode f i e l d  d e s c r i p t i o n  x  p o l a r i z e d * )

wO = « |  I  I ( n e f f c o r e 2 - n 2 2) ;

U = uO a l ;
W = wO a l ;  
n = n l ;

U2 B e s s e l J [1 ,  U] '
B2 = I -

W2 B e s s e lK  [1 ,  W] ,
( *A1*) ;

E rc o r e  = uO (*A1*) B e s s e l J [ 0 ,  uO r ]  ; 
E ncore  = -  uO(*A1*) B e s s e l J [ 0 ,  uO r]  ; 

n l
H rcore  =   uO (*A1*) B e s s e l J f O ,  uO r ]  ;

Z0
n l

H rcore  =   uO (*A1*) B e s s e l J [0 ,  uO r] ;
Z0

E r c la d  = B2 wO ( - B e s s e l K  [0 ,  w O r])  ; 
E $ c la d  = -  B2 wO ( -  B e s s e l K [ 0 ,  wO r ] ) ;
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n l
H r c la d  =   B2 wO ( - B e s s e l K [ 0 ,  wO r] } ;

ZO
n l

H r c la d  =   B2 wO ( - B e s s e l K [ 0 ,  wO r] ) }
ZO

Pcoremode = 
1

Re [ N I n t e g r a t e  [ (E r c o r e  H rcore  Cos [ ^ ] 2 -  H rco re  E ncore  S i n [<p] 2] r ,  { $ ,  0 ,  2 n ]  ,

{ r ,  0 ,  a l } .  M e th o d - * { " G lo b a lA d a p t iv e " , M e th o d -» "GaussKronrodRule" , 
" S in g u la r i t y D e p t h "  - » I n f i n i t y } ] ]  +

— Re [ N I n t e g r a t e  [ ] E r c la d  H 0 c la d  Cos [#] 2 -  H r c la d  E $ c la d  S i n  [tf>] 2] r ,

{ $ ,  0 ,  2 7r}, { r ,  a l ,  a 2 } .  M e th o d - » { " G lo b a lA d a p t iv e " ,
Method -* "G aussK ronrodRule", " S in g u la r i t y D e p t h "  -> I n f i n i t y } ] ] ;

E O lcoE xact
Pcoremode

in teg ra t io n T erm T M p [x _ ]  : = ( E r c o r e  Cos [^] E r tm c o r e [x ]  +
E 0 co re  S i n [ $ ]  E ^ tm co re[x ]  )

r  E xp[ + 2 I  Kg r  C o s [$ ]  S i n [ 0 ] ] j
7T

gclm inusT M p[x_] := -------------  n l  E O lcoE xact  EOvtmfx + I  0 . ]  N I n t e g r a t e [
(4 X ZO)

in tegrationT erm T M p [x] , {<t>, 0 ,  2 7 r }  , { r ,  0 ,  a l } .  Method -► { " G lo b a lA d a p t iv e "  ,
Method-* "G aussK ronrodRule", " S in g u la r i t y D e p t h "  -*■ I n f i n i t y }  J ;

R e t u r n [ g c lm in u s T M p [ n e f f ] ] ; J


