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ABSTRACT: A new topological conformal field theory in four Euclidean dimensions is
constructed from N=4 super Yang—Mills theory by twisting the whole of the conformal
group with the whole of the R-symmetry group, resulting in a theory that is conformally
invariant and has two conformally invariant BRST operators. A curved space gener-
alisation is found on any Riemannian 4-fold. This formulation has local Weyl invari-
ance and two Weyl-invariant BRST symmetries, with an action and energy-momentum
tensor that are BRST-exact. This theory is expected to have a holographic dual in
5-dimensional de Sitter space.
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1. Introduction

In [1] it was proposed that theories in D-dimensional de Sitter space could have a
holographic dual which is a conformal field theory in D-1 dimensional Euclidean space.
In particular, in [1, 2] supersymmetric theories were identified for which an argument
analogous to that of 3] for anti-de Sitter holography could be made. These included
a five dimensional de Sitter vacuum arising from a solution of the type IIB* string
theory. This solution preserves 32 supersymmetries and also arises as a solution of a
five dimensional gauged supergravity. The proposed dual theory is the N=4 supercon-
formal Yang-Mills theory in four Euclidean dimensions. Unfortunately, both the D=5
supergravity and the D=4 super-Yang-Mills theories are non-standard in that they have
some fields with kinetic terms of the wrong sign. However, it was pointed out in [1]
that the super-Yang-Mills theory that arises in this way is precisely the one that can
be twisted to obtain a topological field theory. This should correspond to a twisting of
the five dimensional supergravity theory, so that the 't Hooft limit of the topological
field theory should have a dual description as a topological supergravity theory in five
dimensional de Sitter space.

In four Euclidean dimensions, the Lorentz group is Spin(4) = SU(2) x SU(2). In the
usual twistings, Spin(4) or an SU(2) subgroup thereof is identified with a subgroup of
the R-symmetry group. In the N=4 theories, this necessarily breaks the R-symmetry
group. It was pointed out in [1] that the R-symmetry group is in fact the same as the
conformal group in such theories, so there is the possibility of twisting the whole of the
R-symmetry group with the conformal group, and this seems the most natural twisting
to use in the holographic context. The purpose of this paper is to further develop these
proposals, and in particular to construct a new topological conformal field theory in
which the conformal group is twisted with the whole of the R-symmetry group.

It will be useful to begin by reviewing two ways of viewing topological field theories.
Consider first the twisting of N=2 supersymmetric Yang-Mills to give a topological
theory whose observables are the Donaldson invariants [4]. The N=2 supersymmetric
Yang—Mills theory in 3-+1 dimensions can be obtained by reducing D=6 N=2 super-
symmetric Yang—Mills theory on a spatial 2-torus. The D=6 theory has an SU(2)
R-symmetry and the reduction gives a theory with U(2) R-symmetry, the extra SO(2)
being related to rotations in the 5-6 plane. (This SO(2) would be broken if one were



to keep the massive Kaluza-Klein modes.) The bosonic sector is Lie-algebra valued
and consists of a vector field and two scalars, which transform as a 2-vector under the
SO(2). The Wick rotated version of this theory is usually taken to be a theory in four
Euclidean dimensions with U(2) R-symmetry and the same bosonic sector. There are
the usual subtleties as to how one treats the fermions, but however one proceeds, the
resulting theory in four Euclidean dimensions has no conventional supersymmetry.

However, there is a simple way of obtaining a supersymmetric theory in four Eu-
clidean dimensions. Omne can simply start with the D=6 theory and reduce on one
space and one time dimension, and the resulting theory in four Euclidean dimensions
will automatically be invariant under N=2 supersymmetry [5, 6]. The R-symmetry of
this theory is SU(2) x SO(1,1) and one of the scalar fields (the one arising from the
time component of the D=6 vector field) has a kinetic term of the wrong sign; this
sign is necessary for the non-compact R-symmetry and for invariance under Euclidean
supersymmetry. Following [1], it will be convenient to refer to this as a Fuclidean field
theory and to the Wick-rotated one as a Fuclideanised field theory.

The twisting of [4] was originally formulated in terms of the Euclideanised theory,
with symmetry Spin(4) x U(2) = SU(2) x SU(2) x SU(2) x SO(2). An SU(2) subgroup
of the Spin(4) Lorentz symmetry is twisted with the SU(2) subgroup of the U(2) R-
symmetry, so that one of the supercharges becomes a scalar BRST charge. Equivalently,
different twistings correspond to regarding different embeddings of Spin(4) = SU(2) x
SU(2) in Spin(4) x SU(2) = SU(2) x SU(2) x SU(2) as the Lorentz symmetry group.
However, in this approach, there are some subtleties in finding the action invariant
under the twisted supersymmetry, and in particular, the sign of the kinetic term of
one of the two original scalars must be changed, so that the twisted theory has an
SO(1,1) symmetry instead of the original SO(2) [4]; this SO(1, 1) symmetry is the ghost-
number symmetry, with the charge of a field being its ghost-number. In performing
the functional integral, the problematic scalar is usually analytically continued ¢ — i¢.
The negative-norm states corresponding to this field are not in the BRST cohomology
and in this sense are not physical.

However, this topological field theory with SO(1, 1) ghost-number symmetry can be
constructed directly by twisting the Euclidean N=2 supersymmetric Yang—Mills theory
[5, 6]. In this case the twisting of an SU(2) subgroup of the Spin(4) with the SU(2)
subgroup of the SU(2) x SO(1,1) R-symmetry is straightforward and automatically
gives a theory invariant under twisted supersymmetry, and the SO(1,1) ghost number
symmetry is inherited directly from the Euclidean theory. For the Euclideanised the-
ory, the extra sign changes needed to obtain twisted supersymmetry corresponded in
the untwisted theory to changing the non-supersymmetric Euclideanised theory with
SU(2) x SO(2) R-symmetry to the supersymmetric Euclidean one with SU(2) x SO(1, 1)
R-symmetry. The construction from twisting the Euclidean theory is clearly the more
economical and straightforward.

The situation is similar for the N=4 theories. Reducing supersymmetric Yang—



Mills from 9+ 1 to 4 dimensions can give either a Lorentzian theory in 341 dimensions
with Spin(6) R-symmetry or to a theory in four Euclidean dimensions with Spin(5, 1)
R-symmetry. Both theories have a vector and six scalars, which transform as a 6-
vector under the R-symmetry, and both are invariant under N=4 supersymmetry. Wick
rotating the Lorentzian theory gives the Euclideanised theory with Spin(6) R-symmetry
and no conventional supersymmetry. Both the Euclidean and the Euclideanised theories
have 6 scalars, but in the Euclidean theory, one of the scalars has a kinetic term of the
wrong sign.

The corresponding topological field theories were constructed from the twisting of
the Spin(4) = SU(2), x SU(2)g Lorentz symmetry of the Euclideanised theory with a
Spin(4) = SU(2); x SU(2) subgroup of the R-symmetry, embedded as

Spin(4) x Spin(2) C Spin(6). (1.1)

There are three inequivalent topological twistings |7, 8,9, 10]. In the half-twisted model,
one twists SU(2) ., by SU(2);, in the B-model or diagonal twisting one in addition twists
SU(2)r by SU(2)2, while in the A-model one twists SU(2), by the diagonal subgroup
SU(2)p of SU(2); x SU(2)s. In constructing the invariant twisted action, it is necessary
to change some signs and in particular the sign of the kinetic term of one of the scalars,
so that the SO(2) R-symmetry in (1.1) becomes an SO(1, 1), which is the ghost-number
symmetry.

Again, the twistings can be constructed more directly from the Euclidean theory,
which automatically generates a theory with twisted supersymmetry without needing
to add further sign changes by hand. In this case, the Lorentz symmetry is twisted
with the Spin(4) subgroup embedded in the R-symmetry group as

Spin(4) x Spin(1,1) C Spin(5,1) (1.2)

in one of the three inequivalent ways described above.

There are then three related Yang-Mills theories in four dimensions, the Lorentzian
one, the Euclidean one and the Euclideanised one. They have Lorentz and R-symmetries
given respectively by

Spin(3,1) x Spin(6), Spin(4) x Spin(5, 1), Spin(4) x Spin(6). (1.3)

The first two have 16 supersymmetries, while the Euclideanised one has none. Each of
these theories is in fact conformally invariant, so that the Lorentz group is enlarged to
the conformal group, and the three theories have bosonic symmetries given by

Spin(4,2) x Spin(6), Spin(5, 1) x Spin(5, 1), Spin(5,1) x Spin(6),  (1.4)

respectively. The Lorentzian and Euclidean theories are in fact superconformally in-
variant, with conformal supergroups SU(2,2|4) and SU*(4]4) respectively.

The three twistings described above all explicitly break the R-symmetry. However,
when viewed as a twisting of the Euclidean theory, there is in addition a fourth possible



twisting [1]. The Euclidean theory has symmetry Spin(5,1) x Spin(5, 1) and there is
the possibility of twisting the whole of the conformal symmetry with the whole of the
R-symmetry group, giving a theory manifestly invariant under the diagonal Spin(5,1)
subgroup. One of our aims here is to present this conformal twisting. There are some
subtleties arising as the conformal group is non-linearly realised. Our approach will
be to start with the B-model in which the Spin(4) Lorentz symmetry is twisted with
a Spin(4) subgroup of the R-symmetry. This theory is however not invariant under
the full conformal group [9]—it is invariant under dilatations but not under special
conformal transformations. We will find modifications of the usual special conformal
transformations that are a symmetry of the SO(4) twisted theory, and use these to
construct further twistings, resulting in a topological conformal field theory with a
BRST charge and an anti-BRST charge, both of which are invariant under the twisted
conformal group.

This paper is organised as follows. In Section 2 we will discuss the group theory
behind the conformal twisting of the Euclidean N=4 supersymmetric Yang-Mills the-
ory. We also discuss the topological conformal field theories arising from twisted N=2
supersymmetric theories at conformal fixed points. In Section 3 we discuss the SO(4)
twisted Euclidean N=4 theory and its symmetries, and in particular find new mod-
ifications of the standard special conformal transformations that are a symmetry of
the theory. We find linear combinations of (modified) conformal transformations and
R-symmetries that constitute the twisted Spin(5,1) symmetry of this theory. These
twisted conformal generators do not commute with the scalar supercharges, but rather
yield extra conformal supercharges. We will then show that two linear combinations of
the supercharges are conformally invariant and define an anticommuting pair of con-
formally invariant BRST operators. The conformal symmetry in the twisted theory
does not act in the standard way. We partially resolve this in Section 4 by redefining
the fields in such a way that the conformal transformations take a more standard form,
giving a new form of the action invariant under the twisted conformal group and BRST
charges.

In Section 5, we construct the conserved BRST-exact symmetric traceless energy-
momentum tensor of the flat space twisted theory. Then, in Section 6 we couple the
theory to gravity, adding non-minimal terms to the minimally-coupled action to obtain
a theory which is invariant under Weyl rescalings and two BRST symmetries, with an
action that is BRST-exact. This allows us to briefly discuss the topological invariants
arising as observables in the theory.

In Section 7 we discuss the theta-term in the action and S-duality. Finally, in
Section 8 we discuss some of the implications of our results to the arguments of [1] that
such a topological conformal field theory should have a holographic description as a
theory in 5-dimensional de Sitter space.

We also mention here some other work, not directly related to ours, that has been
done on topological field theories and holography in recent years. A version of topolog-



ical holography in three dimensions has been developed. On the gauge theory side this
involves Chern—Simons theory, describing knot and three manifold invariants. There is
a description of this theory using open topological A-strings ending on a Lagrangian
submanifold of a Calabi-Yau threefold [11]. In [12] it was proposed for the case of
the three sphere that there is a dual formulation of this Chern—Simons theory based on
closed topological A strings on the resolved conifold. This proposal has since been elab-
orated and extended (see [13] and references therein). A four dimensional topological
field theory and its possible holographic dual has also been discussed in [14].

2. Twisting and group theory

Dimensional reduction of (9+1)-dimensional supersymmetric Yang-Mills from R*! to
R* gives the four dimensional Euclidean N=4 supersymmetric Yang-Mills theory. The
ten-dimensional theory has sixteen supercharges in a real chiral representation 16 of the
spin group Spin(9, 1). After dimensional reduction, the R-symmetry group is Spin(5, 1),
which is isomorphic to SU*(4) = SL(2,H), with right and left handed complex Weyl
spinor representations of complex dimension 4, which we will denote 4 and 4’ respec-
tively. Under Spin(9,1) D SU(2) x SU(2) x SU*(4), the spinors decompose as

16 — (2,1,4) ®(1,2,4). (2.1)

We introduce indices I, J = 1, ...,4 labelling the 4 of SU*(4), I’,J' =1, ..., 4 for the 4’
of SU*(4), A, B = 1,2 labelling the 2 of the first SU(2) and A, B = 1,2 for the 2 of the
second SU(2). All of these indices are raised or lowered by complex conjugation,

One must take the underlying real representation of a complex representation R with
a real structure: the Majorana condition on a spinor in the 16 of Spin(9,1) becomes
a symplectic Majorana condition in four dimensions. For example, the spinor A4 in
the (2,1,4’) arising from the reduction of a Majorana-Weyl fermion in 10 dimensions
satisfies the reality condition

(A =P A, (2.2)

where Q77" is the symplectic invariant of SU*(4) (which can be thought of as the charge
conjugation matrix in 541 dimensions).

On dimensional reduction, the ten-dimensional super-Poincaré generators M, Py
(M,N =1,...10) and Q decompose into the generators M,,,, and P, (m,n =1,...,4) of
the four-dimensional Euclidean group ISO(4), the SO(5, 1) R-symmetry generators R,
(antisymmetric in p, v, with g, v = 1,...,6), and the supercharges Qp4 and Q; ;. The
supercharge Q4 transforms in the (2,1, 4’) representation of SU(2) x SU(2) x SU*(4),
whilst Q;; transforms in the (1,2,4).

The four-dimensional theory is superconformally invariant, with superconformal
group SU*(4]4) (a different real form of SU(2,2|4)) generated by the super-Poincaré
generators together with the dilatation D, the special conformal generator K,, and the



conformal supercharges S, ; and S;4. The bosonic subgroup is Spin(5, 1) x Spin(5, 1) =
SU*(4) x SU*(4), the product of the Euclidean conformal group and the R-symmetry.
The 32 (conformal) supercharges transform in the (4’,4) @ (4,4’) representation of
SU*(4) x SU*(4), with a symplectic Majorana condition using the symplectic invariants
of both factors.

The conformal twisting is the diagonal embedding g — (g, g) of the conformal group
SU*(4) in the bosonic symmetry SU*(4) x SU*(4). Under the diagonal embedding, we
have

(4,4)]—15®1 and [4,4)] 1501, (2.3)

yielding two scalar supercharges. The bosonic generators of SU*(4) x SU*(4) give under
the embedding (15,1) — 15 and (1,15) — 15. The bracket of any two fermionic scalar
supercharges must be a scalar bosonic generator. As there are none, we conclude that
the scalar supercharges anticommute with each other and each squares to zero. In
other words, the twisted theory has two (anticommuting) BRST operators. After the
twisting, one has symmetry under the diagonal subgroup SU*(4)p, which we will refer
to as the twisted conformal group.

The conformal group SU*(4) is non-linearly realised, but there is a subgroup CSpin(4) :=
SU(2) x SU(2) x Rt € SU*(4), generated by the spin group and the dilatations, which
is a manifest symmetry of the Euclidean N=4 supersymmetric Yang—Mills theory. In
particular, all fields transform as irreducible representations of CSpin(4) x SU*(4).

The generators of the original superconformal algebra are

{Pmaan7D7Km:RuV:QI/AaQ]AasIAas]/A}a (24)

transforming in the following representation of G = SU(2) x SU(2) x Rt x SU*(4):

2,2,1)"®3,1,1)'®(1,3,1)°(1,1,1)°®(2,2,1)

©(1,1,15)0® (214 e (1,2,4) 0 2L4) " 01,249,

with the superscript indicating the R* conformal grading. In turn, the generators R, of
the SU"(4) R-symmetry transform as the 15 of SU*(4), which breaks into the following
representations of the subgroup SU(2) x SU(2) x R*:

(2,27a(3,1)°®(1,1)°® (1,3 ® (2,2)2 (2.5)

Introducing indices m’, n’ = 1, ..., 4 for the SO(4) subgroup of SO(5, 1), the R-symmetry
generators then decompose as

R/u/ = {pm’amm’n’ydykm’} ’ (26)

with the SU(2) x SU(2) x R* generated by m,,,, and d. The R' gradings of the
generators {p,, My, d, kyy }are thus {2,0,0, —2}.



The Spin(4) twisting to give the B-model of [9] is achieved by twisting the action
of the rotation generators M,,,, with the action of the R-symmetry generators m,,,,/, so
that the resulting theory is manifestly invariant under the new spin generators defined
by

with the indices m,n identified with m’, n’. This can then be enhanced to a CSpin(4)
twisting by twisting the action of the dilatation D with the action of the d ghost number
R* symmetry, to obtain a twisted dilatation generator

D=D+d. (2.8)

Then the twisted conformal weight of a field is the sum of the conformal weight (defined
as half the Rt conformal grading) and ghost number.

To obtain the full conformal twisting, one must in addition twist the momenta P,,
and the special conformal generators K,, by the appropriate R-symmetry generators,
so that the twisted conformal generators are

P, = P + Pin (2.9)
Mn = My + Mo,

D=D+d

K,, =K, +kn .

Under the CSpin(4) twist, the spinor supercharges, which transform as the (2,1, 4") '@
(1,2,4)"! of CSpin(4) x SU*(4), are twisted to generators in the following representa-
tions of the diagonal CSpin(4):

2,1,4)"2(1,2,9" - 3,102 (1,182,270 (2,2 (1,3)" o (1,1)°.
(2.10)

This corresponds to the replacements {Q4,Q;4i} — {Q#%,Q(O),Q(O),Qﬁm,@g?)}
and similarly one has {S; 4,Sr4} — {s[f,fbfj,s<0>,§<0>,5£;2>, §7({2)}. Using this then al-
lows the original superconformal algebra to be decomposed in terms of brackets involv-
ing the twisted supercharges. We are primarily interested in the scalar supercharges
here (ie the singlets Q,Q,S,S) and their algebra is found to be (dropping the super-

scripts denoting the R* conformal gradings)

[Q,Pr) = —Qum [Q.Pr] = Qu
Q, Kin] = =S, (Q, Kpn] = =S
S, Pp] = Qe S, Pn] = Qm (2.11)
S, K] = =S S, K] =S,
[Q,S] = —4D [Q,S] = —4D



where we have only written down the non-zero brackets. The linear combinations
Q:=Q+S, QR:=Q-S (2.12)

square to zero, anticommute with each other, and commute with the twisted conformal
generators:

QX =[Q,X]=0 forany X & {Pn, Munn,D,Kn,Q Q). (2.13)

The Spin(5, 1) generators {P,,, My, D, K,,,} satisfy the algebra

Mares Mpa] = OpMig + GngMimp — OmgMup — GrpMing (2.14)
Monns Pyl = GpPr — 0P
Moy Kpl = GpKn = 0K
D, Prn] = P,
D, Kin] = =K
]

with all other brackets vanishing.

It is interesting to ask how much of this structure survives for twisted N=2 theories
at conformal fixed points. Such theories have been investigated in [15, 16]. A twisted
N=2 theory is invariant under Poincaré symmetry, together with the symmetries gen-
erated by a BRST charge Q and a ghost number charge d. At a conformal fixed point,
the theory is invariant under the conformal group, which is generated by the twisted
Lorentz generators M,,, together with {P,,, D, K,,}, and also invariant under the ghost
number symmetry generated by d, the BRST symmetry generated by Q and a confor-
mal BRST generated by S, arising from twisting the conformal supersymmetry. These
satisfy a subalgebra of the algebra discussed above, but without the generators Q, S.
In this case, there do not seem to be any further twistings that lead to conformally
invariant BRST operators of the type discussed above.

3. The diagonally twisted N=4 theory and conformal invariance

Before twisting, the fields of the Euclidean N=4 supersymmetric Yang-Mills theory
are Ay, Ara, \p/ i, ¢17, With ¢ antisymmetric in its indices. Consider first the diagonal
twisting of the SO(4) Lorentz symmetry with an SO(4) subgroup of the R-symmetry
to obtain the B-model. The vector field is an R-singlet and remains unchanged, while
the 6 scalars ¢;; twist to a vector V,, and two scalars B,C. The fermions \ twist
to give the anticommuting fields qﬁm,qﬁm, X5, n, 7, where x=  are 2-forms satisfying
X = £ X5, We define (Xpmn)® = 5(Xpmn) £ *Xpmn)) and Xjpp = 5 (X — Xom)-



The Spin(4) twisted action is [9]:

1
8O0 = - / d*x Tr(—meme — D Vo D"V — 1 F
€

+ ®mwn(4x+mn — ™) + Dty (A" — 677

— 575 (X = Gn) [AXT™ = 00, O] + (4o — Sman ) [AX ™" = 6™"7, C1)
— V2 (X = Smn) [ V"] = (A = O [0, V"))
+iV2 (Y9, ] + [0, B])
- B, CP 4 2BV, IOV + W V™ 1))
— i /d4x Tr*F,,, F™" .
3272
(3.1)
We follow the notation in [17|. Also D,, := 0,,+1i[An, | is the gauge covariant derivative

acting on the fields, which are valued in the adjoint representation of the Lie algebra
of the non-abelian gauge symmetry group. The field strength is

Fon = OnAy — 00 A + i[Anm, Ay, (3.2)

while e is the usual Yang-Mills coupling constant and 6 is the theta-parameter, which
will be discussed further in section 7.

The theory is invariant under the SO(1, 1) scale transformations generated by the
dilatation D, with each field having a conformal weight ¢, and under the SO(1,1)
subgroup of the SO(5, 1) R-symmetry group that commutes with the SO(4) that was
twisted. This is generated by d and is usually referred to as the ghost-number symmetry,
with the SO(1,1) weight of each field referred to as the ghost number ¢ of that field.
The fields

(B, C, A, Vi Yoy Uy Xos 1, 71} (3.3)

have conformal weights and ghost numbers {(c, g)} given by

{(17 1)7 (17 _1>7 (17 O): (L O>; (3/2’ _1/2)’ (3/2’ _1/2)’ (3/2’ 1/2)7 (3/27 1/2)7 (3/27 1/2>}7
(3.4)

respectively. The twisted dilatation was defined as D = D + d and for a field with D, d
weights {(c, )}, the weight with respect to D is ¢ 4+ ¢g. Then the twisted bosonic fields
are

{B® c©® AL by (3.5)
and the fermionic fields are
{w Nm ) szz ) 77( )7 7;}(2)}7 (36)



where the superscripts (suppressed in the following) give the twisted conformal weight
c+g. The twisted theory is automatically invariant under the twisted scale transforma-
tions generated by D and so can be regarded as a twisting of CSpin(4) rather than just of
Spin(4). The twisted dilatations act in the standard way, i.e., D-® = ("0, +(c+9)s)®,
with the weight (¢ 4 ¢)o for each field ® defined as above.

As discussed in the previous section, twisting produces various fermionic charges.
In particular, we will be interested in the scalar BRST supercharges Q and Q. The
action of these on the fields is given by

Q- Ap = 20n, Q- Ap = =20,

Q- Uy = V2D,,C Qb = —2i[V, C]

QU = —2i[V, O] Q- Ym = —V2D,,C

Q-xt, =—F +2i[V,, V,]" Q- xh, =2V2 (D Vi) "

QX = 2V2(D Vi)™ Q- xo, =Fo —2i[V,,, Vi]~
. . (3.7)

Q-1 = 2i[B,C] Q-n=-2v/2D,V™

Q-i1=-2V2D, V" Q-7 = —2i[B,C]

Q-B= \/_77 Q- -B= \/_77

Q-C= Q-C=0

Q- V= —V24¢,, Q- V= —V2¢,,.

The associated infinitesimal transformations are given as usual by JgX = €Q - X and
0gX = €Q - X, where € and € are the corresponding anti-commuting scalar parameters.
The BRST operators Q and Q are nilpotent and anticommute with each other, up
to gauge transformations and on-shell (utilising the x*,n and 7 equations of motion
from (3.1)). The on-shell condition may be removed by introducing auxiliary fields in
a standard way [17].

The other symmetries of the theory include the following. First we have the twisted
rotations, which act in the usual way:

Mo+ Ap = (£m0n — Tn0m)Ap + OmpAn, — dnpAim (3.8)
Mo - Vp = (200 — £n0)Vp + OmpUn — Onp¥m,

Mo - 7;1) = (TmOn — xnam)&p + Ompthn — 5np7;m

My - qu (X O — xnﬁm)x;tq — 5mprfq — 5npxﬁflq + 5qufn — 6nqx;tm

Mn - 7 = (000 — £,0m)0

Min - 7 = (10 — £,0m )7

Mon - B = (2,05, — ,0,) B

Mon - C = (2,05 — 2,01, C

M - Vp = (@m0n — 0.0 Vi + 0mp Vo — 0np Vi -

10



The spacetime translations act in the standard way,
Pn-®=0,9P (3.9)

for all fields ®.
The R-symmetry generators p,,, k,, lead to the following symmetries of the twisted
theory:

Pm - wp = _%(4X7’_np + 5mpﬁ)
Pm - ¢p = %(4X;’—np + 6mp77)

(3.10)
pm - C =2V,
P Vp = —0mpB ,
and, using ¢, defined by §,.X = "k, - X,
Xy = —2(kptg) T (3.11)
5"Xz:q = 2(“[10173%])_
okn = =26
k1] = 26" thm
B = 2"V,
WV, = —k,C .

The original N=4 theory was conformally invariant, but the twisted theory is invari-
ant under scale transformations generated by D, but not under the conformal boosts in
which K,, acts in the standard way [9], so that in this sense it is scale invariant but not
conformally invariant. The trace of the stress tensor is non-zero, but is a total deriva-
tive, so that the integral over R* of the trace of the stress tensor vanishes (with suitable
boundary conditions), signalling dilatation invariance. However, we have found some
modifications of the action of the action of K,, that are a symmetry of the action (3.1).
These are conveniently written using dk, defined by 0k X = £™K,, - X. One finds

Ok Ap = K" (20ma - 0 — 220 + 23) Ap + Akppg A (3.12)
Sktbp = K™ (22 - O — 220y, + 3) 0y + A(Kppg) Y7

Sty = K™ (222 - O — 270 + 32) Uy + d(Kppag ) T

Ok Xy = K™ (2T - O — 220, + 2L ) Xy — 4(/€[p$kX;£k)+ — (Kpzg) ™

Ok Xpg = K" (2 - O — 220y + 2T X0y — 4(“[pkaq_}k)_ = (Kppg) 1)
okn = k" (2xpx - 0 — 220, + 3Tpm)n + 4’fm$nX:m

kil = K™ (2T - O — %0, + 3am)7] + 4672 X,

kB = k" 22z - 0 — 20, + 27,,) B

okC = K" (2xpx - 0 — 220, + 22,)C

okV, = K" (227 - 0 — 2200, + 22,,)V,.
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These are not standard conformal boost transformations due to the presence of extra
terms, some of which mix different fields.

The algebra of these symmetries does not close to give the conformal algebra (2.14),
and in particular the commutator of P and K is not of the right form. However, from
the discussion of the previous section, we are interested in the full Spin(5,1) twisting
in which the full conformal group is twisted with the full R-symmetry group, and
in particular this means twisting P with p and K with k. We therefore consider the
symmetries generated by

P, = P + itpm (3.13)
Kin = Ko + 1 ki
where we have included an arbitrary parameter u. Notice that the scalings p — up, k —

ik leave invariant the SO(5, 1) R-symmetry algebra generated by {p,k, m,d}.
For these new translations we thus have

P+ Ay = 0 A,
P - wp = 8mwp - %M(Z’Lx;np + 5mpﬁ)
P - wp = mwp + %M(4X7J7F"Lp + 5mp77)

[Pm ' X;)tq = mX]:)tq

P - n = 0mn (3.14)
Pr - 11 = Om)

P,.-B=0,B

P, -C=0,C+2uV,

P -V, = 00V, — iy B |

and for the new special conformal transformations, using dyx defined by oy X = k™K, X,
we have

SxA, = K™ (22,7 - O — %0 + 27,0) A, + 4Kpprg A
Oxthp = K™ (22T - O — 220, + 3Ty + 4(Kppg) "Y1
Stby = K™ (22 - O — 120y, + 33, )0y + A(Kpprg) T
5|]<X;rq = K" (2zmr - 0 — 220, + me)X;rq — 4(/<o[pxkx$k)+ — (n[pxq})Jrn - 2/1*1(11[]01%])*
OKXpg = K" (2717 - O — 220, + 2%m) Xpg — 4(n[pxkxcj]k)’—(/ﬁ[pxq})’ﬁ + 2u’1(/ﬁ[pwq])’
0N = K™ (2T - O — 220 + 3 )0 + 4™ X — 207 K,
okl = K™ (202 - O — 220 + 32,7 + 4™ 2" X, + 20 K U,
SxB = K™ (21 - 0 — 2200, + 22,,) B 4 207 K"V,
oxC = K™ (22 - 0 — 220y, + 22,,)C
oxVp = K™ (22 - 0 — %00 + 22,)V,, — 1 'K, C'
(3.15)
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One can check that the generators {P,,, M., D, K,,} as defined above are symmetries
of the action (3.1) and satisfy the Spin(5, 1) algebra (2.14) for any u.

Just as twisting the ordinary supersymmetries of the N=4 theory gives a number
of fermionic generators, including the two scalar BRST charges Q,Q, twisting the
conformal supersymmetries also gives a set of fermionic symmetries including those
generated by two further scalar charges S and S. We will call these SBRST generators.
They generate the following symmetries of the action (3.1)

S- A, =—2"(4xt, — pmnn) (3.16)
S tpy =22"F,. —ix,[B,C| + 4ix"[V,,, V.| T
S = V2[42" (D Vi)™ — 221 D"V + (2" D, + 2) Vi
S Xt = —2V2(z, D)) B
S Xon = 4i[(2 V)™, Bl
S-n=—-2v2(2"D, +2)B
S-n=—4i[z"V,, B]
S-B=0
S.C = —2v22",
S Vin = 52" (4Xoun + Omnll)
and
S Ay = 2™(4x5, — O] (3.17)
S by = V242" (D Vi) — 22DV, + (27D, + 2) V]
Sty = —22"FF +ixy[B,C] — 4iz"[V,,, Vi~
5~xmn = 4i(z}n nJ) B
S Xon = 2V2(2(nDy)) "B
S.n= —4@[95 Vo, B]
S-7=2V2(z"D, +2)B
S-B=0
S.-C = 2\/_x”1/~)n
S Vi = S=a™(4x, + Gon?) -

The corresponding 1nﬁn1tes1mal transformations are given as usual by g X = €S- X
and 65X = €S- X, with € and £ the fermionic scalar parameters.

The brackets between all the scalar supercharges Q, Q, S,g vanish (on-shell and up
to gauge transformations) except for

QS| =—-4D, [Q,S]=—4D. (3.18)

The SO(4) twisted theory with action (3.1) also has a discrete Z, symmetry which
acts on both the fields and the coupling constants in the following way. It leaves
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A, B, C, e invariant. It reverses orientation: €, — —€mnpg, S0 that 6 — —0. Defin-
ing
A 0

we have that 7 — 7. On the remaining fields and constants, it acts as follows:

Xomn ™ —Xon (3.20)
(Cms ¥n) = (—Pm, —thn)
(n,7) — (=71, —n)
Vi — =V,
P =

This symmetry leaves the action (3.1) invariant and it exchanges the scalar (S)BRST
generators (Q,S) — (Q,S).

Although the theory (3.1) is conformally invariant and has four (S)BRST symme-
tries, it is not the case that the (S)BRST supercharges are themselves conformally
invariant, i.e., they are not singlets under the action of the SO(5,1) generated by
M, P, D, K. This is clear from (3.18) and the fact that D is not central in the conformal
algebra. Nevertheless the two linear combinations

Q:=Q+uS,  Q:=Q—uS, (3.21)

satisfy

=0, Q=0 {QQ=0 (3.22)

(on-shell and up to gauge transformations). We will call these scalar supercharges
CBRST charges (the C' denoting ‘conformal’). These charges commute with the con-
formal generators and are mapped into each other by the Z, symmetry above. They
are the two scalar supercharges of the group theoretical analysis in Section 2; see (2.3).

4. Redefining the fields

In the previous section we have shown that the SO(4) twisted theory with action
(3.1) is conformally invariant and moreover that there are two CBRST symmetries
commuting with the conformal generators. Nevertheless, the action of the conformal
generators does not take the standard form—for example, the fields do not transform
conventionally under the translations P,,. It is clear that this must occur in general
in situations like this where one twists the ordinary translations with a corresponding
internal symmetry. This unconventional behaviour under the translations P,, will cause
complications, for example when considering defining the theory on a curved manifold.
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It is thus convenient, after having done the twisting as in the previous section, to undo
the R-symmetry translations p,, by redefining all fields ® according to

O — (e P . . (4.1)
Explicitly, this gives the following field redefinitions

Vip = Vi + px,, B (4.2)
C C —2uz™V,, — i*2*B
Y = Y — %M-T"(‘lenn - 6mn77)
Note that these redefinitions are consistent with the 7, symmetry.
It is straightforward to calculate the effect of the {M,,,, Pp, D} twisted generators
on the redefined fields. These are taken as transformations that act on the fields but
not on the space-time coordinates ™. In particular, P,, does not transform the explicit

2™ in the redefinitions (4.2), with the result that its action on the redefined fields is,
by construction, now the standard action

Pp - ® = 8, ® (4.3)

on any field . Since M,,, and D commute with z™p,,, the action of the twisted
dilatations and rotations remains standard

Mo - @ = (20 — T + S )P (4.4)
D-® = (2", + Ag)P ,

where ¥3,,,,, are the generators of the spin group in the representation determined by the
spin of ® and Ag is the twisted conformal weight of ®. However, the special conformal
transformations still contain non-standard p-dependent terms:

kA, = K" 2z, - 0 — 220, + 22 ) Ap + 4kpag Al (4.5)
Sthy = K™ (227 - 0 — 220y, + 23,0, + 4Kpxg )T

Sty = K™ (28 - O — 220 + 220 )0 + 4/%3:(1]1;‘1

6u<x;;q = K™ (22w - 0 — 220, + 4xm)X;q — 8(/<o[pxkxj]k)+ — QM_I(R[pQZq})JF

OkXpg = K™ (207 - 0 — 20, + AT0m) Xpg — 8(/<o[pxk><;]k)_ + ZM_I(ﬁ[p¢q])_

Oxn = K™ (2 - O — 220 + 42 )N — 20 K™,

Skl = K™ (20mx - O — 220, + 42,)7) + 27 Ky,

oxB = K™ (2xmx - 0 — 2°0p, + 42, B + 20~ K"V,

oxC = K™ (2zpmx - 0 — 2°0,,)C

o Vy = K" (2T - 0 — 20 + 22V, + dkprg Ve — p 'k, C

m
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These transformations differ from the usual transformations
ox® = k" (207 - 0 — 2°0p, + 20, Ag + 22™%,,,) P (4.6)

by the addition of extra terms proportional to p~!. These ! terms imply the loss of
special conformal symmetry in the ¢ — 0 limit.
In terms of the redefined fields the CBRST symmetry remains simple:

Q- Ap = 2¢m Q- Ay = —2¢p, (4.7)
Q- ¢m = V2D,,C Q- Y = —2i[Vin, C]

Q- by = —2i[V,, C] Q- tm = —V2D,,C

Q- X = —Fp +2i[Ve, VAT Q- xh = 2V2 (D Vi)

Q- Xy = 2V2(Dppn Vi)™ Q- X = Fon = 2i[Vin, Vo]~

Q-n = 2i[B,C] Q-n=—-2vV2(D, V" +2uB)
Q-7j=—-2V2(D,,V"+2uB) Q-7 =—2i[B,C]

Q- B =21 Q-B=-V2j

Q-C= Q-C=0

Q: Vi = —V20n, Q: Vin = —V2¢m

the only change in comparison with the transformations on the original fields (3.7)
being the explicit y-dependent terms in Q - 7 and Q - 7.
The field redefinition (4.2) takes the action (3.1) to

1
8 =277k + — / d'z Tr (-@mBﬁmc — DV, D"V — Lt ptmn
(&

LEY,
+ Dt (AT = 6™) + Dyl (A" — ™)

— 55 ((Axann = ) [AXT™ = 6™, O + (4 — O [AX ™™ = 0™, C)
— V2 (4xhn = S [, V"] = (4X o — Oan) [, V"))

+iV2 (YY", Bl + ™, B]) — 3B, CJ* + 2[B, V,,][C, V™|

+ Vi VRV, V] + 4V Dy B — 2puiin — 4M232) :
(4.8)

where k is the instanton number

k=
3272

/ d*z Tr*E,,, F™ . (4.9)

The redefinitions produce the additional terms proportional to p and ;2 in the above
action; the explicit z-dependence in the redefinitions (4.2) drops out from the action,
and hence it is manifestly invariant under the translations. The modified action (4.8) is

16



invariant under the standard P, M, D transformations (4.3), (4.4), the modified confor-
mal boosts, K (4.5), and the CBRST transformations (4.7). The generators P, M, D, K
satisfy the SO(5,1) algebra (2.14). The CBRST transformations square to zero, anti-
commute with each other and commute with these SO(5, 1) symmetries.

The change in the F,,,, terms from (3.1) to (4.8) is obtained by decomposing F,,, into
its self-dual and anti self-dual parts, then recasting the topological instanton number
term (with parameter #) in terms of the modular parameter 7 defined in (3.19). The
action (4.8) can then be conveniently expressed (using the y= .1 and 7 equations of
motion) as a CBRST exact term (or an anti-CBRST exact term), plus a term depending
only upon 7 and the instanton number £:

SW =Q- W 4277k = Q- UM — 277k | (4.10)

where

1
\Il(l) - 3 /dél‘r Tr(%(FrJr;n - QZ[Vma Vn]Jr)Xern - ﬂ((D[mVn})iximn + %MBﬁ

€0
— 555V Dinfl + 5 B(Dtp™ + iV2 [, V™) + in[B, (J]) ,
(4.11)

and

~ 1
v = / d'z Tr( — L(Fp = 20V, Vo] X = V2(Dpu V)X + LBy

€0
- V" Do = B O VU V) = $i1B.C1)
(4.12)

The topological observables will be discussed in section 6.

5. Conserved currents

We have seen that the action for the twisted theory in R* is CBRST exact (modulo
the instanton number term). We will now discuss the conformal currents of the theory,
and the derivation of the appropriate flat-space energy-momentum tensor.

We begin by calculating the canonical energy-momentum tensor 75 . defined in

mn’

general by
¢ =Tr (Z 9, ® - IL,,(P) — 5mn;;> where  IL,(®) := 88/0(d"®)  (5.1)
]

for an action of the form 8§ = [ d*z Tr L with Lagrangian L(®,D,,®) and some set of
fields {®}. By construction, this tensor is conserved (on-shell), 0™T¢ = 0. Noether’s
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theorem implies that for every symmetry of the theory there exists a conserved cur-
rent. For conformal symmetries, these conserved currents are suitable moments of an
improved energy momentum tensor. This tensor is obtained by adding improvement
terms to T%, . A discussion of this can be found in [18]. The purpose of the first such
improvement term is to symmetrise the energy-momentum tensor. This first additional
term is given by 0P X,,,,, where

Xpmn =5 3 T (Zon®) - Ty — (Spm®) - Ty = (S0 ®) - Ih,) (5.2)

and ,,,, are the usual spin generators. The expression 0P X,,,, is automatically con-
served as a result of the (m « p) antisymmetry in X,,,, and when added to T,
constructs what is called the Belinfante tensor

Tn%n = Tncm + ap*Xpmm (53)

which is symmetric and conserved on-shell. Evaluating this object for the twisted
theory (4.8) gives

Ty, = Tr< — 2D, BD,)C — 2D,,V, D, VP — F,, FY

+ 2D, (D VP )Vay = (D Vi) )V*] + 4uVien Dy B

— 8" (D)™ = 4iV2 ([ VP + 2857 Vi, U] )

— 8% " (D)™ + 4iV2 ([N Vil¥? + 22X Vins U] ) (5.4)
= 2(D () ny = V2 [0, Vi) thn) = 2(D )y + V2 [, Vi)

+4iV2 X8k C) + 2024 [Yn, B + 8n Dy (n¢?)

+ 4iV2 X" s C1 + 20V 2 P [Yh, B] + G Dy (70F) — 6an<”) .

The second improvement term is specific for conformally symmetric theories and
requires the calculation of the field-virial V,,, defined as

Vo = Tt (60D + Sn) @ - TI7) (5.5)

where Ag is the conformal weight of ®. It can then be shown that the condition of
special conformal invariance requires that

Vi = 0" Opn, (5.6)

for some function of the fields o,,,.
For the twisted theory (4.8) this condition is satisfied, with

Omn =Tt (=2¢,mn BC = 2V, Vi, = 05V + 117 (Vi DR C — (D,V;,)0)

- o e (5.7
—2/1 1w(mwn) +,u 15mnwpwp_,u 1€mnpquwq):
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and hence
Vi = —=2B(D,,C) 4 81V B + 2(Dp V")V — 4D Vi) )V — 2000 — 200, (5.8)

where we used the twisted conformal weights in this calculation. Next, the prescription
is to take the symmetric object

Smn 1= O(mn); (5.9)

and use it to construct
Yogmn = OpgSmn + OmnSpg — OpmSen — OpnSqm — %(5101157%” - 6pm5qn)5]l:- (5.10)

The second addition to the energy-momentum tensor is then $9”797Y,my, which on its
own is both symmetric and conserved. Thus, for flat-space theories with full conformal
invariance, the final improved form of the energy-momentum tensor 7,,, is given by

T = T + 20707 . (5.11)

This fully improved energy-momentum tensor 7, is also traceless, as required in order
to construct conformal currents as the moments J;,, = kI'T},,, using the usual 15
conformal Killing vectors kI (i = 1, ...,15) in flat space.

For the twisted theory with action (4.8), this second improvement term is explicitly
given by

LOPOY g, = Tr((amn®2 — D D)) [ 2BC — L H(VFDLC — (DR VF)C) + 2 ey
+ D[~V Vi + 517 (Vin Dy C = (D V) )C) = ™ oty
+ 0 DP D=V, Vy + 5107 (VpDg)C — (D, Vey)C) — 1™ oty

— Dy DP [~V Vp + 27 (Vi Dy C — (D Vi) C) — 1 Uthy)]
DD ViV 4 b (Vo Dy C — (D Viy)C) — u%mwm]) .
(5.12)

This expression is to be added to the expression in (5.4) to give the final traceless,
symmetric, conserved energy-momentum tensor 7}, := T£n+%apamqmn for the theory
(4.8). This improved energy-momentum tensor 7,,, is CBRST exact, with 7,,, = Q -
G for a certain function G,,,, of the fields. This is given by the flat space specialisation
of the result in the next section.

6. Coupling to gravity

We now turn to the formulation of the topological theory on a Riemannian 4-manifold
M with metric ¢,,,, and seek a BRST-invariant action which is invariant under Weyl
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scalings and which reduces to the flat space theory considered in previous sections. The
energy-momentum tensor will be defined as usual in terms of the action § by

e

The first step to coupling a flat-space gauge invariant theory to a general curved

Tmn

(6.1)

background is with a minimal prescription of covariantising the action via 6,,, — Gmn,
d'z — (/gd'z and D — V = D+T (where D is the gauge covariant derivative and I'(g)
is the Levi-Civita connection on M). In general, if this is done the resulting energy-
momentum tensor, as defined by (6.1), will reduce in flat space to the Belinfante tensor
(5.3). (Note that fields satisfying a metric-dependent constraint, such as the fields y=
when defined on a curved manifold, will also transform under metric variations (see
[4]).) For conformal theories in flat space one needs to add a second improvement term
in the energy-momentum tensor, giving (5.11). The corresponding curved space theory
must include additional non-minimal terms which reproduce this second improvement
term %81”8‘1}/;,%” in the flat-space case. The extra terms required are

1
89V .= /j‘4d4x\/§ <%Rmnsm” - ERSQ) , (6.2)

where R,,, and R are the Ricci tensor and scalar of M while s,,, is the minimally
coupled version of the expression given by (5.9) and (5.7) in the previous section.

However, in the case of the theory with action (4.8), it turns out that defining
such a theory in curved space via minimal coupling and adding the above terms does
not produce a topological conformal field theory—for example, the resulting energy-
momentum tensor defined by (6.1) is not traceless or CBRST exact in curved space.
One is, however, free to add further curvature dependent terms to this action in order to
obtain if possible a curved space theory which has the required properties and reduces
in flat space to the theory given in Section 4. It does turn out to be possible to find such
additional terms, and this curved space conformal topological quantum field theory will
now be presented and discussed.

The action for this conformal TQFT is given by

g — gme. + 888Y + SCR + SEuler’ (63)

where 8™ is the minimally-coupled version of the action (4.8), §99Y is the action (6.2)
above, and the other two terms on the right-hand side of (6.3) are given by

1
CR:_ d4 T 2 P2 4
S T2 /M zy/g Tt C°R (6.4)
and
SE“ler:W—Q/ d*z /g e(M) Tr C? (6.5)
e1? S
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where

e(M) : !

=353 (WannpgW ™™ — 2R,,, R™ + 2R?) (6.6)

is the Euler density on M.
The action (6.3) has the following properties:

e 8 is invariant under nilpotent CBRST transformations Q and Q, with {Q, Q} = 0.

S 1s CBRST and anti-CBRST exact.

The energy-momentum tensor 7,,, arising from § is CBRST and anti-CBRST
exact.

T,n is traceless, and the corresponding local Weyl symmetries of § commute with
the CBRST symmetries.

To see these properties, begin by rewriting the action 8 of (6.3) in the form
S — 8(2) + SEuler, (67)
with

1
8@ :gfjv[d%@Tr(—%(—F;;n+2¢[Vm,vn]+)2—4((v[mvm)—)2—vavm(J
1 1 ~ 1
o " m 2uB o 2 - my7n o mn o — = Gmn
(VaV™ + 20 +12MCR)+M(V V'C =" (R — 5 )
1
_ 4+ — O 4+mn_ mn’C+4;m_ mn~47mn_ mn~’C
—8\/5((an Gmn1) [AX 9", CT + (4Xpn — Gmnf])[4X 9", C])
—iV2((4xhn = Grn) [0, V") = (X = Genn ) [, V"))

+iV2 (Y [Y™, B + b [Y™, B]) — 1B, C* + 2[B, V,,][C, vm]) + 2n7k
(6.8)

and 8PUer given in (6.5).

The curved space CBRST symmetries of the action (6.7) are given by (V,, is the
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gauge and diffeomorphism covariant derivative)

Q- Am = 2¢y, Q- Ap =20

Q- thm = V2V,,C Q- Y = =2i[Vin, C]

Q- Py = —2i[Vi, C] Q- = —V2V,,C

Q- Xonn = —Fo + 20[Vin, Vo] Q- Xh = 2V2(Vi Vi)
Q- Xomn = 2V2 (Vi Vi)~ Q- Xonn = Frn — 2i[Vin, Va] ™
Q-n = 2i[B,C] Q-n=—-2V2(V,V" +2uB + -CR)
Q-7 ==2V2(V, V" +2uB+ 3=CR)  Q-ij=—2i[B,C]
Q-BZ\@U Q-B=-v27

Q-C= Q-C=0

Q- Vi = V2%, Q- V= —vV20pn

Q Grn =0 Q- Grn =0

(6.9)

The terms $?) and 8¥"°r are separately invariant. These CBRST transformations
differ from the minimally-coupled version of the flat-space transformations (4.7) by the
addition of C'R terms to Q-7 and Q- 7. Since C and the metric gy, are invariant under
Q and Q, these terms do not affect the calculation of anticommutators of the CBRST
transformations, and indeed one can readily show that Q and Q square to zero and
anti-commute with each other, up to a gauge transformation and using the equations
of motion following from the action (6.3).

The action (6.7) is not only CBRST and anti-CBRST invariant, but is also exact.
To see this, first note that §? can be written in the CBRST exact forms:

- U® 4 277k + on-shell terms
- U® — 977k + on-shell terms,

S —
(6.10)

O O

1 . mn — N, —mn
M
+ 575 (V" + 208 + ORI+ 7 V"™ (R — 59 R)

+ 5 B(Vot™ +iV2 [, V™)) + 40[B, C])
(6.11)
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and

~ 1
U@ = —2/ d4x\/§Tr
e Jm
+ 555 (VaV™ + 2uB + 13 CR)n —

_%(Fr;n - 2i[Vm7 Vn]_)X_mn - \/Q (v[mvn])+X+mn

VR

5

— EB(Vnd™ = iV2 [, V) — %77[370]) '
(6.12)

Furthermore, locally the Euler density is a total derivative and can be written as the
divergence of some Z,,:

1
3272

It is then easy to see that the Lagrangian L™ for the action 8¥* = [ d'x /gL
is also exact up to derivative terms:

e(M) (WinpgW™™1 = 2R, R™ + 2R?) = V"™ Z,,. (6.13)

LFuler — QA +V = QA 4V, (6.14)
where
71.2
A= —V2 5 2" Te(Cnn),
i (6.15)
~ e m ~
A= ‘@ew Z" Tr(Ctdy),
and
. 7T2 m 2
V= 62—Mvm (zmTrC?). (6.16)

Although Z,, is not globally well-defined, any two choices of Z,, will differ by a globally
well-defined vector field, and the change in Z,, under a diffeomorphism will be similarly
well-defined, so that the ambiguity in the action 8 will be the sum of a surface term
(which will vanish for compact M or with suitable boundary conditions) and an exact
term (which will not contribute to the functional integral).

The next step is to show exactness of the energy-momentum tensor of the theory
defined by the action (6.3), with CBRST symmetries (6.9). First consider the action
82 of (6.8) (a similar argument to the following appears in a related context in [19]).
Varying (6.8) with respect to the metric we find

5,8% = Q- (5,¥@) + [6,,QQ¥® + §,{on-shell terms}

e @, 1 . . ) (6.17)
=Q- (6, U + d*z\/g Tr64(V,, V™)1 | + (on-shell terms).
2e2v/2 Jo

(The d,{on-shell terms} in the first line in (6.17) involve the 7 and x* equations of
motion. The metric variations of the xy* equations of motion only generate further
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equations of motion terms. The metric variation of the 7 equation of motion term
however generates a term which does not vanish on-shell. However, this term combines
with a second term to give the CBRST exact term involving V,,V™ in the second
line in (6.17). This second term arises from the commutator [d,, Q], which only acts
non-trivially on the 77 terms in (). Alternatively, one can work with the form of the
action given below for which the CBRST transformations are nilpotent off-shell, and
show that the metric dependence is CBRST exact without using equations of motion.)
Now, writing

1 1
o0 4 — / d* T o, (V,,V™)i=— [ d* 5" G 6.18
o | /g T8y (Vi V™)) = g 2\/g09™" G, (6.18)

for some G2 defined by the above relation, it follows that the energy-momentum
tensor derived from the action 8 is CBRST exact with

T2 = Q-G + on-shell terms, (6.19)

with the analogous statements holding for the Z, related generator Q. The other
contribution to the full energy-momentum tensor 7,,, of the full action (6.7) comes
from the action (6.5). Since this action is exact (up to the topological term involving
V), and only contains the CBRST inert fields C| g, it follows directly that the metric
variation of this action is also exact. Thus the full energy-momentum tensor derived
from the action (6.3) is CBRST (and anti-CBRST) exact.

The final property of the theory defined by (6.3) is that the trace of the energy-
momentum tensor vanishes on-shell. A straightforward calculation based upon the
action (6.8) yields the result that the trace of the corresponding energy-momentum
tensor is given by

9" T2 = 12V V" (Ron — $gmnR) Tr(C?)) (6.20)

This is precisely cancelled by the trace of the energy-momentum tensor coming from
the other part (6.5) of the full action. Then, since the theory with action (6.3) has
a traceless energy-momentum tensor on-shell, this action is Weyl invariant under a
combination of local Weyl rescalings of the metric g, — exp(—2w(x)) ¢mn and the
action of the Weyl symmetries on the fields. The latter are given by

owAm =0 Swn = 2wn — ey, VW (6.21)
Owthm =0 Swi = 2wij + = V" w

S thm = 0 SwB = 2wB + p~'V,,V™w

WX = 1 (U Vi)™ SwC =0

oW Xoun = =1 (Y Vi)~ SV = —3p 'CV W .

These curved-space Weyl transformations contain non-conventional 1/4 terms, as one
would expect from the presence of such terms in the flat-space conformal transforma-
tions. These Weyl symmetries oy commute with the CBRST transformations Q and

Q.
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On-shell conditions appearing in the curved space formulation in this section can

be lifted by writing off-shell formulations using auxiliary fields, just as in the SO(4)
twisted theory (see [17]). The auxiliary fields required may be denoted P, N . The Z,
symmetry acts on these as P — —P,NX — —NFT . The off-shell form of the action

(6.8) is

1 1
9 = & [ ey (S, (v w2 s v
€ Jwm

1
+ =N,

2 mn

(N7 —4v2vimy) 4 %P(P +4V2(V, V™ 4 2uB + ﬁcm)

1 ~ 1
+ ;(VmVnC' — """ ) (R — égmnR) - V,.,BV"C
)
o 4+ — G 4+mn_ mn,0+4;m_ mn~47mn_ mn~’C
8\/5((><mn Gmnn)[4X 9", C] + (4Xn — Gmn])[4X 9", C1)
- Z\/§ ((4X¢—rm - gmnn) [¢m’ Vn] - (4X7:1n - gmnﬁ) W)m’ Vn])

+iV2 (Y [0™, B] + G [, B]) — 1[B, CP2 + 2B, V,)[C, vm]) v ok .

The off-shell CBRST symmetries are given by

2

00 0 0 0 0 0 0 0 0 0

A = 20,

P = V2 V,,C
Ay = —2i[Vp, O]
Xown = N
CNE =212\, C]
-1 =2i[B,C)|
.ﬁ: P

- P = 2iv/2[;, O]
-B =27
C=0

Vin = —V24m
——

O O

O On

O O O

O O o

O On

(6.22)
cAp = =20, (6.23)
Ay = —2i[Vyn, C]
Ay = —V2V,,C
X = Nown
CNE =212\, C]
n=D"P
- = —2i[B, C]
- P = 2iv/2[n, C|
B =—V2j
O =
Vi = V29,
“Gmn =0 .

Then in this formulation with these auxiliary fields Q% = Q2 = 0 up to a gauge trans-
formation with parameter 2v/2iC and {Q, Q} = 0, without use of field equations. With
these modifications, the action is given by the sum of the topological term 277k plus an
exact piece, without needing to use field equations, and the metric variation of the ac-

tion is also exact off-shell. However, the energy momentum tensor is still only traceless

on-shell.



Turning to the construction of observables for the conformal TQFT with action
(6.3), we first need suitable operators O. The functionals studied in [9] are also suitable
here, and the following gauge invariant, CBRST closed (but not exact) expressions arise:

Qo = / Tr C? (6.24)
Y0

O, = [ V2Tr(C AY)

1

ng/%Tr<¢/\@/)+ﬁC'/\F)
Y2
03:/ LTr(p A F)

73

04:/ LT (FAF),
Y4

together with a Z, related set of observables corresponding to the cohomology of Q.
The ~,, s = 0,...,4 are homology cycles on M (g is a point). The operators O and
their anti-CBRST analogues satisfy the descent equations given in [9]. The integrands
in (6.24) are also invariant under the local scale transformations (6.21). Note that the
integrands in any of these observables could be multiplied by any scalar function of
the curvature and its derivatives, such as e(M), and would remain CBRST closed but
not exact. However, these would only be Weyl-invariant for special combinations of
curvatures, such as the square of the Weyl tensor.

7. Theta Angle and S-Duality

The Lorentzian theory has a real theta-term in the action

0
5= ~555 /TrF/\F (7.1)

which is Wick rotated to an imaginary term

S = —i /TrF AF (7.2)

3272

in the Euclideanised action. As usual, the parameter # must be an angle, periodically
identified, if the Euclideanised path integral is to be single-valued, and the presence
of the parameter 6 leads to theta-vacua instead of the naive vacuum. However, the
Euclidean theory is written down directly in Euclidean space, and need have nothing to
do with any Wick rotation. In particular, if it is not required to be the Euclideanisation
of a real Lorentzian action, there is no reason why the theta-term has to be imaginary,
and one could instead write down a real theta-term (7.1) in Euclidean space. Indeed,
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it is natural to have a real action, and this also follows from reduction from 9-+1
dimensions [20]. To see this, consider including a term

S = /(J ANTe(FAF) (7.3)

in the 9+1 dimensional Yang-Mills action, where C'is a background 6-form. Such terms
arise for example in considering D5-D9 brane systems. Then reducing on a Euclidean
6-torus gives, among other terms, the real theta-term (7.1) in 3+1 dimensions, while
reducing on five space and one time dimension again gives a real theta-term, but this
time in Euclidean space. If theta is real in Euclidean space, there is no reason to require
theta to be an angle.

In the Lorentzian or the Euclideanised theory, the angle theta can be combined
with the coupling constant e into a complex variable 7 which parameterises the coset
SL(2,R)/SO(2). In the Euclidean theory, on the other hand, a real theta term leads to
coupling constants parameterising SL(2, R)/SO(1,1). As will be discussed in the next
section, this is the coset structure required by holography, and so the holographic dual
should be one in which the theta-term is real, not imaginary.

In the Euclidean theory, there are then two choices of action, one with real theta-
term and one with an imaginary one. The imaginary one is the one that is convention-
ally used in topological field theory and is naturally associated with a real Lorentzian
action. The action with a real theta is the one that is natural from reduction from 9-+1
dimensions, and is also the one that is required for holography—the holographic dual
of the IIB* theory in de Sitter space is a Euclidean super-Yang-Mills theory with a real
theta-term. The formulae in this paper have all been written for the imaginary case,
but it is straightforward to obtain the real case by taking # — 6 throughout.

The Lorentzian Yang-Mills theory has a classical SL(2,R) symmetry broken to a
discrete SL(2,Z) S-duality symmetry in the quantum theory. The Euclidean and Eu-
clideanised theories also have a classical SL(2,R) symmetry. This can be seen by
considering the Yang-Mills theory from a dimensional reduction from a 6 dimensional
theory, which could be 6-dimensional (1,1) supersymmetric Yang-Mills, or the (2,0)
supersymmetric tensor multiplet theory. The Lorentzian and Euclidean theories can
be obtained by reducing from 541 dimensions on a Euclidean or a Lorentzian 2-torus,
respectively. Wick rotating 5+1 dimensional (1,1) supersymmetric Yang-Mills to a
Euclideanised theory in 6 dimensions and then reducing on a 2-torus yields the Eu-
clideanised four-dimensional gauge theory. In each case, there is a reduction on a
2-torus and so there is an SL(2, Z) symmetry of the reduced theory resulting from the
large diffeomorphisms on the 2-torus. On truncating to the massless Yang-Mills sector
in 4 dimensions, the SL(2,7Z) is enhanced to an SL(2,R) classical symmetry. In the
Euclideanised or Lorentzian theories, this is then broken to the subgroup SL(2,7Z) pre-
serving the periodic identification of the angle 6. It is natural to conjecture that all
three theories in fact have a SL(2,Z) S-duality symmetry in the full quantum theory,
and moreover that the twisted theory also has an S-duality symmetry.
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8. Topological holography

The Lorentzian N=4 supersymmetric Yang-Mills theory has a dual holographic descrip-
tion as IIB string theory on AdSs x.S® [3], with the anti-de Sitter space formulation
giving a dual description of the Yang-Mills theory at large 't Hooft coupling. Wick-
rotating this dual pair, the Euclideanised N=4 Yang—Mills theory has a holographic
formulation on H° x S%, the Euclidean version of AdSs xS° with the anti-de Sitter space
continued to the hyperbolic space H |21, 1]. Tt was argued in [1] that the holographic
dual of the Euclidean N=4 supersymmetric Yang—Mills theory is the IIB* string theory
on dSs x H°, where dS; is five dimensional de Sitter space, with the Euclidean confor-
mal group SO(5,1) arising as the de Sitter group, and the R-symmetry group arising
from the isometries of H°. These three dualities arise from considering D3-branes,
Wick-rotated D3-branes (i.e., instantonic D-branes) and the Euclidean E4-branes of
[1], respectively. Whereas the D3-branes are timelike 4-surfaces in 941 dimensions
with a Lorentzian super Yang-Mills world-volume theory, the E4-branes are spacelike
4-surfaces in 9+1 dimensions with a Euclidean super Yang-Mills world-volume theory.

The Euclidean supersymmetric Yang—Mills theory can be twisted in four ways, the
A B and half-twisted models, and the new conformal twisting presented here. It is
natural to ask whether these twisted models could still have a holographic description
in de Sitter space, or more generally what the dual description of each theory should be
at large ’t Hooft coupling. One motivation is that the de Sitter formulation could give
a useful alternative way of calculating topological invariants. As the 5-dimensional
de Sitter symmetry is associated with the conformal symmetry in 4-dimensions, the
most promising theory to consider in this context is the conformal twisting, as this is
a conformal field theory. In [1], it was proposed that this conformal twisting should
indeed have a holographic dual, with correlation functions in the Euclidean conformal
field theory associated with the partition function of a theory in 5-dimensional de Sitter
space.

If J is some composite operator in the Yang-Mills theory, then introducing a source
term [ ¢(x)-J with local source ¢(x), which can be thought of as a position-dependent
coupling ‘constant’, then <eXp(— f(b . J)> is the generating functional for correlation
functions (J(z1)....J(x,)). This in turn is related, according to the holography con-
jecture, to the bulk partition function subject to boundary conditions in which the
boundary values of certain bulk fields are given by ¢(x), and for many purposes it is
useful to think of the Yang-Mills theory as living on that boundary. In the Lorentzian
case, the boundary is the boundary of AdSs, and in the Euclideanised theory it is the
boundary of H®. For the Euclidean case, the situation is more subtle.

The scalar fields in the Euclidean Yang-Mills theory take values in the Lorentzian
space R>! and the expectation value of the scalars is a vector in R*! which can be
spacelike or timelike (or null), and these correspond to different sectors of the theory.
This corresponds to whether the separation between the E4-branes that is kept con-
stant in the Maldacena-type limit is spacelike or timelike (or null). For the spacelike
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separation, the arguments of [1] give a holographic duality between the IIB* theory on
dSs x H% and a Euclidean Yang-Mills theory that lives on the boundary of H?, while for
the timelike separation, the gauge theory lives on a boundary of de Sitter space. This
means that the boundary conditions on the boundaries of dS5 or H® are reflected in
different sectors of the Euclidean conformal field theory [1], a phenomenon that occurs
in other examples of holography in which the bulk space is a product of two factors,
both of which have a boundary [2, 22].

An important role is played by those operators J which lie in the superconformal
current multiplet, the multiplet of the conformal supersymmetry consisting of the the
energy-momentum tensor T,,,, and its superpartners. These couple to fields ¢(z) which
lie in the N=4 conformal supergravity multiplet, consisting of a background metric g,,,
coupling to 7,,,, and its superpartners. In the Lorentzian case, this is the standard
N=4 conformal supergravity multiplet of [23], and one-loop quantum corrections induce
the conformal supergravity action [24, 25|. The fields in the superconformal gravity
multiplet provide the boundary conditions for the bulk fields in the 5-dimensional
gauged supergravity multiplet. Euclideanising gives a similar picture, involving the
Euclideanised conformal gravity and a Euclideanised gauged supergravity on H°.

For the Euclidean case, the situation is again similar, with a conformal supergravity
multiplet in 4 Euclidean dimensions playing a central role. This conformal supergravity
arises from dimensional reduction. There is a conformal supergravity in 941 dimen-
sions, and reducing on a spatial 6-torus gives the N=4 conformal supergravity in 3+1
dimensions [23], while reducing on 5 space and one time dimension in a similar man-
ner gives a N=4 conformal supergravity in 4 Euclidean dimensions, with gauge group
SO(5, 1) instead of SO(6). Again, a conformal supergravity action is induced by one-
loop corrections. In one sector of the theory, the natural effective supergravity theory
consists of fields in dS5 which are independent of the H® coordinates, and in the other
sector it consists of fields in H® which are independent of the dSs coordinates, The
gauged supergravity theory in de Sitter space that arises here |1, 22| has gauge group
SO(5,1) and a twisted supersymmetry, and the boundary conditions for these fields
are provided by the conformal supergravity fields on the de Sitter boundary. Similarly,
there is an SO(5, 1) gauged supergravity on the Euclidean space H® arising from reduc-
ing the IIB* theory on dSs, and the boundary conditions for these fields are provided
by conformal supergravity fields on the boundary of H®. Both the IIB* theory and the
four-dimensional Euclidean conformal supergravity have a pair of scalar fields taking
values in SL(2,R)/SO(1, 1) instead of the usual SL(2, R)/SO(2). The boundary values
of these scalars give rise to the coupling constant and theta parameter in the dual
Yang-Mills theory, with the consequence that the theta-term is real, not imaginary, in
this case.

We now turn to the question of finding the holographic dual for the twisted gauge
theory discussed here. The Euclidean Yang-Mills theory has a current supermultiplet
Trns Rma, ... where R, 4 is the supercurrent. The twisting and field redefinitions dis-
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cussed here then leads to a current multiplet Tpu,, Rim, By, ... for the twisted theory,
where R,,, R,, are BRST currents. The fields gimm, ¥m, ¥m, ... coupling to this cur-
rent multiplet then define a twisted form of the superconformal gravity multiplet, with
U, Um gauge fields for local BRST transformations. These should give the boundary
conditions for a 5-dimensional gravity theory in dSs or H®, with fields ga/n, ¥ar, IV
and it is straightforward to read off at least the field content and linearised theory
from the structure of the conformal gravity multiplet, as in [24, 25]. This then should
constitute the supergravity limit of the holographic dual of the topological conformal
field theory. In particular, it is a theory with local BRST symmetries. For any bosonic
background, and in particular for any manifold, a rigid BRST transformation with
constant parameter will be a symmetry—the analogue of the Killing spinor conditions
are trivially satisfied—and that rigid BRST symmetry can be used to define a BRST
cohomology, giving a gravity theory which is a topological field theory. We will give
further details of this construction elsewhere.
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