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ON A SUBCLASS OF CERTAIN STARLIKE
FUNCTIONS WITH NEGATIVE COEFFICIENTS

MUHAMMET KAMALI AND HALIT ORHAN

ABSTRACT. A certain subclass Tq(n,p, A\, @)of starlike functions
in the unit disk is introduced. The object of the present paper
is to derive several interesting properties of functions belonging
to the class Ta(n,p, A, «). Coefficient inequalities, distortion the-
orems and closure theorems of functions belonging to the class
Ta(n,p, A, @) are determined. Also we obtain radii of convexity for
the class Ta(n, p, A, «). Furthermore, integral operators and modi-
fied Hadamard products of several functions belonging to the class
Ta(n,p, A, ) are studied here.

1. Introduction

Let A be class of functions f(z) of the form f(z) = z + > ap2*

k=2
which are analytic in the open unit disk U = {z : |z| < 1}. For f(2)
belong to A, Salagean [5] has introduced the following operator called
the Salagean operator:

D°f(z) = f(2),D' f(z) = Df(2) = 2f'(2),
D"f(z) = D(D"'f(2)) (ne N=1{1,2,3,...}).

Note that D" f(z) = z + . k"apz*,n € Ng = {0} UN.
k=2
Let T'(n,p) denote the class of functions f(z) of the form:
) = = 3 iy
k=n

(agtp > 0;p e N:={1,2,3,...};n € N),
which are analytic in the open unit disk U = {z € C: |z| < 1}.

(1.1)
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A function f(z) € T'(n,p) is said to be in the class T'(n,p, A, ) if it
satisfies the inequality:

2f1(2) 4 A2 F7(2)
12) fre { - NG+ Azf'<z>} >

forsome o (0<a<1l)and A (0<A<1), and forall z€ U [2].

We can write the following equalities for the functions f(z) belong to
the class T'(n, p)

Df(2) = f(2),

D'f(z) = Df(z) = 2f'(z) = 2[p" ' = > (k + p)agpz" 7]
k=n
=p2’ = > (k+p)arspz"T?,
k=n
D?f(z) = D(Df(2)) = p*s" = > _ (k+ p)’arsp2" 7,
k=n
D (z) = D(DY f(2)) = p22P = > (k + p)apspz" 7.
k=n

A function f(z) € T'(n,p) is said to be in the class Tq(n,p, A, «) if it
satisfies the inequality:
(1 =N2(D2f(2)) + Az(D¥ f ()
1. QeN
I e iy oy ELICLED

for some a(0 < a < 1) and A(0 < A <1),and forall z€ U [2] .
We note that

To(n,p,\,a) = T(n,p, \, @),
To(n,1,0,a) = Ty (n),
To(n,1,1,a) = Cy(n),
Tv(1,1,0,c) = T (),
To(1,1,1,a) = C(ev),
To(n,1,\,a) = P(n, A\, «),

and
Ti(n, 1, A\, ) = C(n, \, «).
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The classes T, (n) and C,(n) were studied earlier by Srivastava et al. [8] ,
the classes T*(a) = T, (1) and C(a) = Cy (1) were studied by Silverman
[7], the class P(n, A, o) was studied by Altintag [1], the class T'(n, p, A, «)
were studied by Altintas et al. [2], and the class C(n, A\, &) were studied
by Kamali and Akbulut [4].

2. A theorem on coefficient bounds

We begin by proving some sharp coefficient inequalities contained in
the following theorem.

THEOREM 1. A function f(z) € T'(n,p)is in the class To(n,p, A, @)
if and only if
21) 3 (k+ p)(ktp—a) Akt Ap—A+Dagsy < p2(p—a) (1+Ap—A)

k=n

0<a<L0<A<Lp<p’(p—a)(l+Ap—N)(p#1);
p € N;n e N;Q € Ny).
The result is sharp.

Proof. Suppose that f(z) € Tq(n,p,\, ). Then we find from (1.3)
that
(14 Ap = NpPL? — 55 (M + Ap+ 1 = A)(k + p) P a2+
Re k=n >

o0

(L+Ap = N)pe? — 37 (M + Ap+ 1= N)(k + p)Pag 2k P
k=n

0<a<L0<A<Lp<p’(p—a)(l+Ap—N)(p#1);
peEN;neN;QeNy;zeU).
If we choose z to be real and let z — 17, we get

&)

(14 2xp = A)pT = 30 (M + 2+ 1= \)(k +p)? M ag,
kozon 2 o
(1+Ap—M)p® — ’Zj (A +Ap+ 1= N)(k+p)aksp

0<a<Lo<A<Lp<p*(p—a)(l+ip—N)(p#1);
p € N;neN;Q e Ny
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or, equivalently,
o0

S Ak +Ap+1=N)(k+p) M agy,
k=n

—ad M+ Ap+1=XN)(k+p) ar,

k=n
< (1+Ap—Ap? = a(l 4+ Ap — A)p?
0<a<Lo<A<Lp<p?(p—a)l+Ap—N(p#1);
p € N;n e N;Q € Ny).

Thus, we obtain

[e.e]

Y (k+p—a)k+p)*(Me+Ap+ 1= Naggy

k=n
< (p—a)p(1+Ap—2)
0<a<L;0<A<Lp<p’(p—a)(l+ip—N)(p#1);
p € N;n € N; Q € Ny).
Conversely, suppose that the inequality (2.1) holds true and let
z€dU={z:2€Clz| =1}
Then we find from the definition (1.1) that

(1= N2(D2f(2)) + (D f(2))'
(1 =XN)Df(2) + ADH1f(2)

(1420 = N)p?F12P — 55 M+ Ap+ 1= A (k +p) P aps, 27
k=n

—p(p—a)(1+Ap— )

o0

T4+Ap=A)pPzr — > Ak +Ap+1—N)(k + p)Pagqpzhter

k=n

= p?(p—a)1+Ap—N)

=L+ 2p = p{p(p — @) (1 + Ap — A) — p}2”|
P i RS B U EE VR I

k=n

IN

=S}

> Mo+ Ap+ 1= N)(k+p)PagspzFtr

k=n

[(1 4 Ap — A)p©zp| —

(14 xp = Np?{p*(p— a)(1+ Ap— \) — p}

o0

+ 3 e+ p+1 =Nk +p) {k+p—p2(p— )1+ Ap— M) }arip |2]*

k=n

(L4 = Np? — 3 (Me+Ap+ 1= A)(k+p)2aksp|2|"
k=n
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(L+Xp = NpHp?(p— a)(1 + Ap—A) —p}
+Hp—p(p—a)(1+Ip— )} gﬁ (M 4+ Ap+ 1= X)(k +p)Pakip

(I4+Ap—2)p— 3> (Ak+Ap+1—X)(k+p)Partp
k

c=n

<

o0
> k(Ak+Ap+1—X) (k+p) akp
k=n

(14Ap—X)p® 7k2 (Ak4+Ap+1=X)(k+p)%ar+p

=n

(2 (p—0) (14 Ap—N)—pH(THAP—N)pP— 3= (et Apt1—3) (k+p)Par 4}

< — k=n
(LHAp=A)pt= 37 (Ak+Ap+1-X) (k+p)Pakip
k=n
p“(p—oz)(lﬂp—k)—kz (P—@) AkAXp+1=N) (k+p) P g1
+ =
(I4+Xp=N)p?— 3 (Ak+Ap+1-X)(k+p)Cakyp
k=n

=pp—a)(1+Xp—N)—p+p—a
=pp—a)(l+Ap—)) —a

0<a<;0<A<Lp<p’(p—a)(1+ p—N)(p#1);
p € N;n € N;Q € Np),

provided that the inequality (2.1) is satisfied. Hence, by the maximum
modulus theorem, we have

f(Z) € TQ(napa )‘? Oé).

Finally, we note that the assertion (2.1) of Theorem 1 is sharp, the
extremal function being

F(2) = o7 — Pp—a)(1+ X p—)) Jtp
(k+p)k+p—a) Xk +Ap+1—2X)
(k> n;p,n € N,Q € Np).

(2.2)

COROLLARY 1.  Let the function f(z) defined by (1.1) be in the
class To(n,p, A\, ). Then

PPp—a)(1+Ap—))

(2.3) Ut S 3 p) 20k + p— @) Mk + Ap+ 1= N

(k >n).

The equality in (2.3) is attained for the function f(z) given by (2.2).
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3. Distortion theorems

THEOREM 2. Let the function f(z) defined by (1.1) be in the class
Ta(n,p, A\, ). Then we have

pp—a)(1+Ap— ) 2P

B =+ o am  p— ) Op T 1)

and
Q
p(p—a)d+ =X +n
3.2 > |z|P — P

(3:2)  1f(2) = |4 m+p)2n+p—a)Ap+In+1-—2N) 12

for z € U. Then equalities in (3.1) and (3.2) are attained for the function
f(2) given by

o Pp—a)(1+Ap—N) Lptn
(3.3) fle) == (n+p)%n+p—a)Ap+in+1-2) "

Proof. Note that

(n+p)*(n+p—a)Ap+In+1-X1)> apy
k=n

<Y (k+p)*k+p—a) M+ Ap+ 1= Nagp
k=n
<pp—a)(1+Ap— ),

this last inequality following from Theorem 1. Thus

oo
k
FE < 2P+ lappl 12177

k=n

o
2P + 12"y anep

<
k=n
< |Z’p+ pﬂ(p_a)(l—f‘)\p_)\) |Z|p+n
- (n+p)2n+p—a)dp+In+1-—N) '
Similarly,
1F(2)] = 2P = 2P akyyp
k=n

m+p)tn+p—a)Ap+In+1-2X)
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THEOREM 3. If f(z) € Ta(n,p, A, «), then

o)1+ Ap— )

p—1 g1 p z|"
S e e s v ey
< ;If’(Z)\
- P p— )1+ Ap— ) n
< P (n+p)2tn+p—a)Ap+in+1-21N) "}

Proof. We have
7@ < ol ™+ Y0 (k4 p)agsy =77
k=n

0
<l "N (R + p)akp
k=n

(3.4)

In view of Theorem 1, we have
(e}
> (k+p)2(k+p— )M+ Ap = A+ Daggy
k=n

<p(p—a)(l+ip—N)

and then

(n4+p—a) M+ Ip—A+1)(n+p) P! Z (k+p)ak+p
k=n

<Zk+p (k+p—a)Ae+Ap— A+ Dagyp

Sp (p—a)( +Ap—A)
Z(k+p)ak+p
(3.5) k=n
Plp—a)(1+Ap—))
T (n+p)tn+p—a)dp+An+1-N)

A substitution of (3.5) in to (3.4) yields the right-hand inequality.
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On the other hand,

[F'(@)] 22l =D (k+ plagsy =77
k=n
> plaP7t = [t Z (k + p)ag4p
k=n
> plafPt — [P Z (k +p)agip
k=n
Qp—a)(1+Ip—\
> plePt = [t Qf (p—a)(1+Ap—A)
m+p)ln+p—a)dp+In+1-2N)
or
et P p =)L+ Ap — A) n
> |z/P7 {1~ 0T — — 2| }.
D m+p)¥ln+p—a)dp+In—A+1)

COROLLARY 2.  Let the function f(z) defined by (1.1) be in the
class Ta(n, p, A\, ). Then the unit disk U is mapped onto a domain that
contains the disk

Q
P p— 1+Ap—2A
. 1— .
(3.6) o] < <n+p) <n+p—a> (Ap—l—)\n—i—l—)\)

The result is sharp with the extremal function given by (3.3).

4. Closure theorems

Let the functions f;(z) be defined, for j =1,2,...,m by

oo
(4.1) Fi(2) =2 = a2 P (apsp 2 0)

k=n

for z € U [3].
We shall prove the following results for the closure of functions in the
class Tq(n,p, \, ).

THEOREM 4. Let the functions fj(z) defined by (4.1) be in the class
Ta(n,p, A\, «) for every j = 1,2,...,m. Then the functions h(z) defined

by
h(z) = ¢ifi(2)(¢; > 0)
=1
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is also in the same class Tq(n,p, A\, a), where

Proof. According to the definition of h(z), we can write

m oo
hz) =) cle? = ) aripz7]
j=1 k=n
m o0 m
=) =D 0 cjanip )T
=1 k=n j=1
o m
=2 =Y (O cjanep).
k=n j=1

Further, since fj(z)are in To(n,p, A, o) for every j = 1,2, ..

get
S (k+p) 2 k+p— )M+ Ap— A+ Dapsy,
k=n
<pp—a)1+Ap -2
for every 7 =1,2,...,m. Hence we can see that
S (k+p)k+p— )M+ Ap = A+ 1) cjarip;)
k=n J=1
= (k+p)?(k+p—a) M+ p— A +1)
k=n

X (C1Gk1p1 + C20k4p2 + - .. + CGlipm)

=1 (k+p)2k+p— )Mk +Ap— A+ Dagsp,
k=n

61

., M we

+ Y (k+p)2(k+p— )M+ Ap— A+ Dapypo + -
k=n

+ cm Z (k+ )4k +p—a) Ok +Ap — A+ Dagspm
k=n
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< alp®(p— )L+ p = N+ calp?(p— a)(L+ Ap = N)] + -
+ em[p?(p— @) (14 Ap — N)]
= (01—i—cz—i—...+cm)[p9(p—a)(1+/\p—/\)]

m

= _e)p?p—a)(1+p— )

j=1
= (- )1+ Ap =N
which implies that h(z) in To(n,p, A, @). Thus we have the theorem.

COROLLARY 3.  Let the function f(z) defined by (1.1) and the
function g(z) defined by

o0
g(z) = 2" — Z bkt p2**7 (brtp = p € Nn € N)
k=n

be in the same class Tq(n,p, A\, ). Then the function h(z) defined by
hz) = (1=7)f(2) +79(2)

oo
— P _ § :ckﬂ,sz
k=n

(Chyp > 0;0<~y < 1;pe N;neN)
is also in the class To(n,p, A, ).

Proof. Suppose that each of the functions f(z) and g(z) is in the
class To(n, p, A, a). Then making use of (2.1), we see that

> (k+p)*(k+p—a)(Me+Ap— A+ Dcpay
k=n
= (1= (k+p)k+p— )M\ +Ap — A+ gy
k=n

+ v (k+p)(k+p— )M+ Ap— A+ D)beyp
k=n

< (1 =7)p(p— )1+ Ap =) +7(p—a)p™(1+Xp— )
=% (p—a)(1+ )
0<a<1,0<A<Lp<p(p—a)(l+Ap—N)(p#1);
p € N,n e N;Q e Ny),
which of the completes the proof of Corollary 3. O
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As a consequence of Corollary 3, there exists the extreme points of
the class To(n,p, A, ).

THEOREM 5. Let f,_1(2) = 2P and
FNES J B i )| Sank V) Y St
(k+p)2k+p—a)Me+Ap—A+1) ’

for 0 < a < 1,0 < A < 1 and n € N. Then f(z) is in the class
Ta(n,p, A, «) if and only if it can be expressed in the form

(k= n)

[e.9]

F2)= Y mfil(2)

k=n—1

where n, > 0,(k >n—1) and >, n,=1.

k=n—1
Proof. Suppose that
)= > mfil2).
k=n—1
Then
FE) = > mefu(2) =nmn1fa1(2) + > meful2)
k=n—1 k=n

_ = pp—a)(1+p—N) k

= Np_12” +;nk[zp (k) k—a) Mk +Ap— A+ 1)]Z v

e = pp — )1+ Ap— ) 5

R I Ly ey vy vy

[e.e]

Pp—a)(1+Ap—)) +p

= P . .
Z kZ;L(k+p)9(p+k—a)()\k+)\p_)\+1)7)kz

Thus

N p2(p — a)(1+Ap— )
;nk [(k+p)9(p+k: —a)(Mk+Ap— A+ 1)]
% [(k+P)Q(k +p—a) Ak +Ap— A+ 1)]
P2(p—a)(1+Ap—A)

0o %
= an = Z Ne—Tn—1 = 1- N1 < 1,
k=n k=n—1

so by Theorem 1, f(z) € Tq(n,p, A, @).




64 Muhammet Kamali and Halit Orhan

Conversely, suppose f(z) € Ta(n,p, A\, a). Since

e < Pp— o)1+ Ap— )
= k+p) 2k +p—a) Ao+ Ap— A+ 1)

(k=n,n+1,...),

we may set

(k+p)k+p—a)Ne+Ap—A+1)

k= ag
K P2 (p—a)(1+Ap— 1) r
and
Mn—1 =1— Z M-
k=n
Then

oo
f(2) =22 = apyp2 P
k=n

o Q
= 2P — p(p—a)(1+Ap—\) k+p
z kz:;(k?+p)9(p+k‘—a)()\]{;_|_)\p_)\+1)77k2’

=P = m[e” — ful(2)]
k=n

=27 = e+ mefil(2)
k=n k=n

= (1= _n) + > mefr(2)
k=n k=n

= 12" + > mkfulz)

k=n

= M-t fu-1(2) + Y mfi(2)
k=n

[e.e]

= ) mh(2).

k=n—1

This completes the proof.
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5. Integral operators

THEOREM 6. Let the function f(z) defined by (1.1) be in the class

Ta(n,p, A\, a)and let ¢ be real number such that ¢ > —p. Then the func-
tion F(z)defined by

z

c+ -1
0
also belongs to the class To(n,p, A, ).
Proof. From the representation of F'(z), it follows that

oo
F(z) =2 — Z b p?™ TP,
k=n

where
by — TP ),
k+p — C+p+k k+p-
Therefore,
> (k+p)2(k+p— )M+ Ap = A+ Dby
k=n
= i(k: + )% k+p—a)Ne+Ap—A+1) <C+p> Aftp
P c+p+k

<Y (k+p)%(k+p— )M+ p— A+ Dagyy
k=n
<p?p—a)(1+Ap - M),
since f(z) € Tq(n,p, A\, «). Hence, by Theorem 1, F(z) € Tq(n,p, A, @).

THEOREM 7. Let ¢ be real number such that ¢ > —p. If F(z) €
Ta(n,p, A\, «), then the function f(z) defined by (5.1) is p—valent in
|z| < Ry, where

. . k+p Q-1 c+p k+p—a«
R’ = inf}, _—
b P c+p+k p—

Me+Ap—A+1\ | *
> .
( Ap—A+1 >} (k2 n)

(5.2)

Jun

The result is sharp.
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Proof. Let
F(z) =2 — i apip?" P (agsp > 0).
k=n
It follow from (5.1) that
(¢>—p)

00
c—l—k—i—p k
B
n

To prove the result, it suffices to show that

(5 §
];p(—l) —p‘ <pfor [z| <R,
Now
7(2) pp 7 = 3 (ke p) (S awy st
-1 ‘: 2p—1 —P
_i(k_,_p) ctptk gy 2” <i(k+p) ctptk L
Pt C""p +p — —~ c—|—p +p .
Thus J;(fl) —p) <pif
(k+p\ [c+p+k
(53) S () (2 oo < 1,
k=n

But Theorem 1 confirms that

o0

2 (E+p)%k+p—a)Xe+Ap— A+ 1)
Pp—a)(1+Ap—A)

(54) ak+p S 1.

k=n

Thus (5.3) will be satisfied if

<k:+p> <c+p—|—k> o[
p c+p
- (k+p)% <k+p—a> (Ak+)\p—)\+1

>
- pY p—a I+ Ap—A > (k2 n),
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or if
Q-1
’Z’§{<k+p> ( c+p )
(5.5) P c+p+k
E+p—a\ [Ae+Xp—A+1 }’1“(1@>n)
p—a Ap—A+1 -

The required result follows now from (5.5). The result is sharp for
the function

Pp—a)(1+Xxp—))

(5.6) T = G pG o - )+ Ap— A+ 1)
() az

THEOREM 8. Let the function f(z) defined by (1.1) be in the class
Ta(n,p, A\, «). Then f(z) is convex of order q(0 < q < 1) in |z| < r,

where
na{(59) (52)
k -« MNe+Ap—A+1\ V&
(es) () ez
Proof. We must show that

CUCH S
iy T

(0<g<1)for |z] <r. We have

2f"(2) 2f"(z) + (1 =p)f'(2)
f'(2) f'(2)

plp—1)2P71 = 3 (k+p)(k + p — Dagyp2H 77!
k=n

+1—p’:

o0

pP~t = 37 (k + p)agypzh P!
k=n

k=n
)

pP=t = 37 (k + p)agip2i Pt
k=n

(p—DpP + X (0 — 1) (k + plagpz"tr! ‘
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— > (k+p)kajpz" P!

k=n

(e8]

pzP~t = 37 (k4 plaggp2itrt
k=n

(&)

k(k + pagyp 2"

< k=n )
P—kz (k + p)agsp |2]°
Thus Z]{c,léz)) +1-— p‘ <p-qif
— (k+p)(k+p—9q) "
5.7 a z|™ < 1.
(5.7) kz:% p ktp |2]" <

But Theorem 1 confirms that

o0

Z E+p)2k+p—a)Mk+Xp—A+1)
pHp —a)(1+Ap—N)

Ak+p < 1.
k=n

Hence (5.7) will be true if

(Etp)ktp—q) « (E+p)2(ktp-a)Ak+lp-A+1)
p(p = q) B p(p—a)(l+Ap=A)

or if
of < BEPPR P )+ Ap = A+ Dplp—g)
= pp—a) A+ A= NE+p—q)(k+p)

{50 (GG

()\k+/\p—/\+1> }i<k2n)_

1+Ap—A

6. Modified Hadamard products

Let the function f(z) defined by (1.1) and the function g(z) defined
by

9(2) = 2" = by p2" P (bpyp > 0;p € Nyn € N)
k=n
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be in the same class Tq(n,p, A\, a). We define the modified Hadamard
product of the functions f(z) and g(z) by

o0
frg(z)=2"— Z g pbisp?™ TP

k=n
THEOREM 9. If each of the functions f(z) and g(z) is in the class
Ta(n,p, A, «), then
f * g(Z) € Tﬂ(nvpv A7 5)7
where
(6.1)
6<p—n
] Pp — 0)*(1+ 2p = )
m+p)2n+p—a)P2An+p—A+1)—p%(p—a)2(1+Ip—N)
(p e N,n eN).

The result is sharp for the functions f(z) and g(z) given by

f(z) = 9(2)

_ P2 p— )1+ p— ) e
n+p)2n+p—a)dn+ip—A+1)

(p e N,n e N).

Proof. Employing the technique used earlier by Schild and Silverman
[6], we need to find the largest 0 such that

i (k+p)k+p—0)Mk+p—A+1)
p(p—0)(1+ X p—N)

Uk 4pOryp < 1.

k=n
Since
i (k+p)ﬂ(/~c+p—oz)()\k:+)\p—)wl—l)ak <1
~ p(p—a)(1+Ap—A) e
and

i": (k+p)k+p—a)Ne+dp—A+1)
P— pHp—a)(l+Ap— )

by the Cauchy-Schwarz inequality, we have

L (k+p)k+p—a)Mk+Ap—A+1)
Vapiober, < 1.
,;L P2p—a)(1+Ap—N) iy =

bk‘-l-p < ]-a
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Thus it is sufficient to show that
(k+p)Q(k+p—5)()\k+)\p—)\+l)a )
P —0)(1 4+ p—A) FrpT

E+p)%k+p—a)Mk+Xp—A+1)
< \/ b
= P2 (p—a)(1+ Ap—A) hetpPkp

that is, that

T ((k tp—a) (p—9)

k+p—29) (p—a)
Not that

Cp—a)l+Ip—A
Vb < (k—i—p)‘f(k(ip—)é)()\ki)\p)— rn k2
Consequently, we need only to prove that
PP (p— a)(1+Xp—A) _ktp—ap-—9s
(k+p)%k+p—a)Mk+Ap—A+1) " k+p—9dp—a
or, equivalently, that
d<p

p(p—a)’(1+Ap— ) I
(k+p)k+p—a)2Me+Ap—A+1)—p%(p—a)2(1+p—N)

(k> n).
Since
(6.2)
Y (k)
o P (p—a)’(1+p =) ,
Tl T )2kt p— 2Okt A — A+ 1) — pp— )21+ Ap— )
(k> mn).

is an increasing function of & (k> n), letting k = n (6.2), we obtain
3 < ¥(n)

pPp—a)*(L+Ap—A)
m+p)n+p—a)2n+Ap—A+1)—pp—a)2(l+Ap—N)
which completes the proof Theorem 9. ]

=P n,
Finally, by taking the function f;(z) given by
J n+p)n+p—a)An+ip—A+1)

we can see that the result is sharp.

P (j=1,2),




(1]
2]

3]

(4]
[5]
(6]
(7]

(8]
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